Introduction to Automata

E Theory

Reading: Chapter 1
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* What is Automata Theory?

« Study of abstract computing devices, or
“machines”

« Automaton = an abstract computing device

= Note: A “device” need not even be a physical
hardware!

« A fundamental question in computer science:

« Find out what different models of machines can do
and cannot do

= The theory of computation
« Computability vs. Complexity
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(A pioneer of automata theory)

* Alan Turing (1912-1954)

« Father of Modern Computer
Science

= English mathematician

« Studied abstract machines called
Turing machines even before
computers existed

Heard of the Turing test?
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Theory of Computation: A

i Historical Perspective

1930s | * Alan Turing studies Turing machines
 Decidability

» Halting problem

1940-1950s| « “Finite automata” machines studied

 Noam Chomsky proposes the
“Chomsky Hierarchy” for formal

languages
1969 Cook introduces “intractable” problems
or “NP-Hard” problems
1970- Modern computer science: compilers,

computational & complemtbgggyegggw,ﬁ



An alphabet is a set of symbols:

|
Or “words” -

\ Sentences are strings of symbols:

A language is a set of sentences:

A grammar is a finite list of rules
defining a language.

Image source: Nowak et al. Nature, vol 417, 2002

Languages & Grammars

Languages: “A language is a
collection of sentences of
finite length all constructed
from a finite alphabet of
Symbols”

Grammars: “A grammar can
be regarded as a device that
enumerates the sentences of
a language” - nothing more,
nothing less

N. Chomsky, Information and
Control, Vol 2, 1959
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The Chomsky Hierachy w8

A containment hierarchy of classes of formal Iangua'ges

ontext-

free
(PDA)

Context-
sensitive
(LBA)

Recursively-
enumerable
(TM)




The Central Concepts of

E Automata Theory
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i Alphabet

An alphabet is a finite, non-empty set of
symbols

= We use the symbol ) (sigma) to denote an
alphabet

« Examples:

Binary: > ={0,1}

All lower case letters: > ={a,b,c,..z}
Alphanumeric: ) ={a-z, A-Z, 0-9}
DNA molecule letters: ) = {a,c,g,t}
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i Strings

A string or word is a finite sequence of symbols
chosen from )

= Empty string is € (or “epsilon”)

= Length of a string w, denoted by “|w|", is
equal to the number of (non- €) characters in the

string
- E.g.,x=010100 x| =6
= X=01€¢0e1€00¢ x| = 7?

= XYy = concatentation of two strings x and y
www.veerpreps.gom



i Powers of an alphabet

Let > be an alphabet.

= > =the set of all strings of length k
. T*=3°US'US2U ...
. T =S"UT2US3U ...
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Languages

L is a said to be a language over alphabet >, only if L & ) *
1 this is because ) * is the set of all strings (of all possible
length including 0) over the given alphabet >
Examples:

1. Let L be the language of all strings consisting of n Q’s
followed by n 1's:
L ={g, 01,0011, 000111,...}
2. Let L be the language of all strings of with equal number of
O'sand 1's:
L ={g, 01, 10, 0011, 1100, 0101, 1010, 1001,...}

Canonical ordering of strings in the language

Definition: @ denotes the Empty language ]
« LetlL ={c} Is L=07
{€} NO
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* The Membership Problem

Given a string w €) *and a language L
over ), decide whether or not w €L.

Example:
Letw = 100011

Q) Is w € the language of strings with
equal number of Os and 1s?
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i Finite Automata

« Some Applications

= Software for designing and checking the behavior
of digital circuits

= Lexical analyzer of a typical compiler

= Software for scanning large bodies of text (e.g.,
web pages) for pattern finding

= Software for verifying systems of all types that
have a finite number of states (e.g., stock market
transaction, communication/network protocol)
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i Finite Automata : Examples
T action

_____________

_____________

= On/Off switch /| state
Start ’
ol

= Modeling recognition of ’FF\he word “then’

Start state Transmon Intermedlate Final state
state
WWWw.veerpreps.gom



i Structural expressions

« Grammars

= Regular expressions

= E.g., unix style to capture city names such
as “Palo Alto CA”:
- [A-Z][a-z]*([ IA-Z][a-z]")*[ IA-Z][A-Z]

S
‘ / NG RS /
2 ' ~ 4 hd
. \ :
Start with 4 letter ’
A string of other , ;
letters (possibly Should end w/ 2-letter state code

empty)

Other space delimited words
(part of city name) WWW.VeerprepS.lgom



E Formal Proofs
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i Deductive Proofs

From the given statement(s) to a conclusion
statement (what we want to prove)

= Logical progression by direct implications

Example for parsing a statement:
« “If y24, ithen 2¥2y2”

given| | | conclusion

(there are other ways of writing this).
www.veerpreps.com



Example: Deductive proof

Let Claim 1: If y24, then 2V2y°,

Let x be any number which is obtained by adding the squares
of 4 positive integers.

Claim 2:

Given x and assuming that Claim 1 is true, prove that 2*2x?

- Proof:
y  Given: x =a%+ b? + c? + d?

) Given: a=1, b21, c=1, d=1

) 0 a%21,b%21,c%21,d°21  (by 2)

x4 (by 1 & 3)

,
v,

s 2% 2 X2 (by 4 and Claim 1)

N

w

N

‘implies” or “follows” ]
www.veerpreps.com



On Theorems, Lemmas and Corollaries

We typically refer to:
= A major result as a “theorem”

= An intermediate result that we show to prove a larger result as a
“‘lemma’

= A result that follows from an already proven result as a
“corollary”

An example:

Theorem: The height of an n-node binary
tree is at least floor(lg n)

Lemma: Level i of a perfect binary tree has
2' nodes.

Corollary: A perfect binary tree of height h
has 27-1 nodes.
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* Quantifiers

“For all” or “For every”
« Universal proofs

= Notation=
“There exists”
« Used in existential proofs

« Notation= _|

Implication is denoted by =>
- E.g., “IF ATHEN B” can also be written as “A=>B"
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Proving techniques

=« By contradiction

- Start with the statement contradictory to the given
statement

- E.g., To prove (A => B), we start with:
- (A and ~B)
- ... and then show that could never happen

What if you want to prove that “(A and B => C or D)"?

« By induction

= (3 steps) Basis, inductive hypothesis, inductive step
=« By contrapositive statement

- IfAthenB = If ~Bthen ~A
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* Proving techniques...

« By counter-example
= Show an example that disproves the claim

=« Note: There is no such thing called a
“proof by example”!

= S0 when asked to prove a claim, an example that
satisfied that claim is not a proof
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Different ways of saying the same

Ii.

i thing

“If H then C”:

H implies C

H=>C

CifH

Honlyif C

Whenever H holds, C follows
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i “If-and-Only-If” statements

= AifandonlyifB® (A <==>B)
« (ifpart)itBthenA (<=)
= (onlyifpart) AonlyiftB (=>)
(same as “if A then B”)
« Ifand only if’ is abbreviated as “iff’
« i.e., “‘Aiff B
« Example:

« Theorem: Let x be a real number. Then floor of x =
ceiling of x if and only if x is an integer.
« Proofs for iff have two parts
= One for the “if part” & another for the “only if part”
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Summary

« Automata theory & a historical perspective

=« Chomsky hierarchy

« Finite automata

= Alphabets, strings/words/sentences, languages
=« Membership problem

« Proofs:

= Deductive, induction, contrapositive, contradiction,
counterexample

= If and only if

= Read chapter 1 for more examples and exercises
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E Finite Automata

Reading: Chapter 2
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i Finite Automaton (FA)

Informally, a state diagram that comprehensively
captures all possible states and transitions that a
machine can take while responding to a stream or
sequence of input symbols

Recognizer for “Regular Languages”

Deterministic Finite Automata (DFA)
= The machine can exist in only one state at any given time

Non-deterministic Finite Automata (NFA)
= The machine can exist in multiple states at the same time
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Deterministic Finite Automata

i - Definition

« A Deterministic Finite Automaton (DFA)
consists of:
« Q ==> afinite set of states
= » ==> afinite set of input symbols (alphabet)
= , ==> a start state
= F ==> set of accepting states

0 ==> a transition function, which is a mapping
between Q x ) ==>Q

=« A DFA is defined by the 5-tuple:
. {Q,Y,q,F 8}
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What does a DFA do on

i reading an input string?

= Input: awordwin }*
= Question: Is w acceptable by the DFA?

« Steps:

. Start at the “start state” q

= For every input symbol in the sequence w do

. Compute the next state from the current state, given the
current input symbol in w and the transition function

- If after all symbols in w are consumed, the current
state is one of the accepting states (F) then accept
w;

= Otherwise, reject w.

www.veerpreps.gom



i Regular Languages

« Let L(A) be a language recognized by a
DFA A.

« Then L(A) is called a “Reqular Language”.

= Locate regular languages in the
Chomsky Hierarchy
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The Chomsky Hierachy &%

A containment hierarchy of classes of formal Iaguages

Context-
sensitive
(LBA)

Recursively-
enumerable
(TM)
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« Build a DFA for the following language:

= L ={w | wis a binary string that contains 01 as a substring}
= Steps for building a DFA to recognize L.:
- 2 ={0,1}

= Decide on the states: Q
- Designate start state and final state(s)

= 0: Decide on the transitions:
« Final” states == same as “"accepting states”
« Other states == same as “non-accepting states”
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Regular expression: (0+1)*01(0+1)*

* DFA for strings containing 01

« What makes this DFA deterministic? * Q={q,,9,,9,}
+ 2 ={01}
- start state = q
*F={q,}
ting’ Transition table
symbols
P) 0 1
— 9 g, 9
« What if the language allows 2 q, q, q,
empty strings? 2 a, a, q,
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Example #2

Clamping Logic:
= A clamping circuit waits for a "1” input, and turns on forever.
However, to avoid clamping on spurious noise, we’ll design a
DFA that waits for two consecutive 1s in a row before
clamping on.
« Build a DFA for the following language:
L ={w | wis a bit string which contains the substring
11}

» State Design:

= q, : start state (initially off), also means the most recent input
was not a 1

= (,: has never seen 11 but the most recent input was a 1
= (,: has seen 11 at least once
www.veerpreps.gom



* Example #3

« Build a DFA for the following language:
L ={w | wis a binary string that has even
number of 1s and even number of 0s}
s 7
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Extension of transitions (0) to

i Paths (5)

.5 (q,w) = destination state from state q
on input string w

. & (q,wa) =& (5(q,w), a)

= Work out example #3 using the input
sequence w=10010, a=1:

- 5(q,wa) =7
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i Language of a DFA

A DFA A accepts string w if there is a
path from g, to an accepting (or final)
state that is labeled by w

« e, LA)={w] §(qo,w) €F)J

« le., L(A) = all strings that lead to an
accepting state from q,
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Non-deterministic Finite

i Automata (NFA)

= A Non-deterministic Finite Automaton
(NFA)

= IS of course “non-deterministic”

. Implying that the machine can exist in more
than one state at the same time

. lransitions could be non-deterministic

3 1 ? )
j e Each transition function therefore
i M maps to a set of states
Kk
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Non-deterministic Finite

i Automata (NFA)

= A Non-deterministic Finite Automaton (NFA)
consists of:

Q ==> a finite set of states

> ==> a finite set of input symbols (alphabet)

q, ==> a start state

F ==> set of accepting states

= 0 ==> a transition function, which is a mapping
between Q x Y ==> subset of Q

= An NFA is also defined by the 5-tuple:
. {Q,¥,q,F 38)
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How to use an NFA?

= Input:awordwin }*
= Question: Is w acceptable by the NFA?

= Steps:
- Start at the "start state” q

= For every input symbol in the sequence w do

- Determine all possible next states from all current states, given
the current input symbol in w and the transition function

- If after all symbols in w are consumed and if at least one of
the current states is a final state then accept w;

= Otherwise, reject w.
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Regular expression: (0+1)*01(0+1)*

Why is this non-deterministic?

0,1 0,1

What will happen if at state q,
an input of 0 is received?

NFA for strings containing 01

* Q={q,9q,9,}

« > ={0,1}

- start state = q

*F={a,}

* Transition table

symbols
P) 0 1

g {9,9,} |{a.}
£ q, ® {a,)
? *q, {a,} {a,}
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Note: Omitting to explicitly show error states is just a matter of design convenience
(one that is generally followed for NFAs), and
l.e., this feature should not be confused with the notion of non-determinism.

* What is an “error state”?

= A DFA for recognizing the key word
“while’

QAny symbol

=« An NFA for the same purpose:

w h i I e

Transitions into a dead state vakv kas¥Féps.com



Example #2

= Build an NFA for the following language:
L={w|wendsin 01}
7

« Other examples

= Keyword recognizer (e.g., if, then, else,
while, for, include, etc.)

= Strings where the first symbol is present
somewhere later on at least once
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i Extension of ® to NFA Paths

. Basis: § (g,¢) = {q}

= Induction:

- Let o (q/O\,W) = {p»]ipz"'ypk}
- 0(p,a)=S, fori=1,2...k

. Then, 5(q,wa)=S,US,U..US,

www.veerpreps.gom



i Language of an NFA

« An NFA accepts w if there exists at
least one path from the start state to an
accepting (or final) state that is labeled
by w

- L(N) ={w|3(q,w) NF#QP]
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Advantages & Caveats for NFA

= Great for modeling regular expressions
= String processing - e.g., grep, lexical analyzer

=« Could a non-deterministic state machine be
implemented in practice?

Probabilistic models could be viewed as extensions of
non-deterministic state machines
(e.g., toss of a coin, a roll of dice)

- They are not the same though
= A parallel computer could exist in multiple “states” at the same time
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Technologies for NFAs

= Micron’s Automata Processor (introduced in 2013)

« 2D array of MISD (multiple instruction single data)
fabric w/ thousands to millions of processing
elements.

= 1 input symbol = fed to all states (i.e., cores)
= Non-determinism using circuits
« http://www.micronautomata.com/

ST T
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http://www.micronautomata.com/

But, DFAs and NFAs are equivalent in their power to capture langauges !!

Differences: DFA vs. NFA

- DFA = NFA
1, All transitions are deterministic| 1. Some transitions could be
. Each transition leads to non-deterministic
exactly one state = A transition could lead to a
2. For each state, transition on subset of states
all possible symbols 2. Not all symbol transitions
(alphabet) should be defined need to be defined explicitly (if
5. Accepts input if the last state undefined will go to an error
visited isin F state — this is just a design
4 Sometimes harder to convenience, not to be

confused with
“non-determinism”)

Accepts input if one of the last

construct because of the
number of states

5. Practical implementation is >
feasible statesisin F
4. Generally easier than a DFA
to construct
5. Practical implementations

limited but emerging (e.g.,
Micron automata processor)
www.veerpreps.gom



Equivalence of DFA & NFA

« ITheorem:
Shoudbe  » . Alanguage L is accepted by a DFA if and only if

tarrfs [0'” it is accepted by an NFA.
« Proof:
1. If part:

- Prove by showing every NFA can be converted to an
equivalent DFA (in the next few slides...)

2. Only-if part is trivial:
. Every DFA is a special case of an NFA where each
state has exactly one transition for every input symbol.

Therefore, if L is accepted by a DFA, it is accepted by

a corresponding NFA. ]
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i Proof for the if-part

If-part: A language L is accepted by a DFA if it

Is accepted by an NFA

rephrasing...

Given any NFA N, we can construct a DFA D
such that L(N)=L(D)

How to convert an NFA into a DFA?

« Observation: In an NFA, each transition maps to a
subset of states

« ldea: Represent:
each “subset of NFA states” [1 a single “DFA_state”

Subset construc“gw\,_veerpreps gom




i NFA to DFA by subset construction

= Let N={Q,2.,0.,9,Fy/
= Goal: Build D={Q,,>.,0,,,1q,},F,} s.t.
L(D)=L(N)
=« Construction:
1. Q.= all subsets of Q, (1.e., power set)
2. F_=set of subsets S of Q s.t. SNF #P
. 0, for each subset S of Q and for each input symbol
ain ) :

5.(S,a) = U 8 (p,a)

pins
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Idea: To avoid enumerating all of
power set, do
“‘lazy creation of states”

NFA to DFA construction: Example

« L={w|wendsin 01}

NFA: DFA:
0,1 -
0@
. 0 1 L 5. 0 :
ot —[q,] [9,.9,] [9,]
—% 900 | {9 —[ay] o] | [9a] | [6,0,]
9% 2 (9} b = gp0) | [69] | [
N, | @ Z “fa)
[9,,9,]
*190:9,] 0. Enumerate all possible subsets
0] 1. Determine transitions
“[05079;] 2. Retain only those states

reachable from {q
www.veerp

i}epszqom




NFA to DFA: Repeating the example

* using LAZY CREATION

« L={w|wendsin 01} 1 0

NEA: DFA:

1
OO 1

2 anC)

Oy 0 1 S, | 0 | 1 |
% {99, | fag . g |laga] | lag] |

a, %) {a,}

q %] %]

Main Idea:
Introduce states as you go

on a need basis
( www).veerprepszgom




* Correctness of subset construction

Theorem: If D is the DFA constructed
from NFA N by subset construction,
then L(D)=L(N)

« Proof:
= Show that §D({qo},w) = gN(qo,w} , for all w

= Using induction on w’s length:
. Letw =xa

. 0, ({aghxa) =8,(5,(qyx}, @) =5, (W}
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A bad case where

+

T

[

Fstates(DFA)>>;

.‘

Fstates(NFA)

= L={w|wis a binary string s.t., the k™ symbol

fromits end is a 1}

= NFA has k+1 states

. But an equivalent DFA needs to have at least 2¥

states

(Pigeon hole principle)

= m holes and >m pigeons
- => at least one hole has to contain two or more pigeons
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i Applications

= [extindexing
= Inverted indexing

« For each unique word in the database, store all
locations that contain it using an NFA or a DFA

« FindpatternPintext T

- Example: Google querying
= Extensions of this idea:

« PATRICIA tree, suffix tree
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A few subtle properties of
DFAs and NFAs

The machine never really terminates.

= Itis always waiting for the next input symbol or making
transitions.

« The machine decides when to consume the next symbol from
the input and when to ignore it.

= (but the machine can never skip a symbol)

« => A transition can happen even without really consuming an
input symbol (think of consuming € as a free token) — if this
happens, then it becomes an e-NFA (see next few slides).

=« A single transition cannot consume more than one (non-¢)
symbol.
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i FA with e-Transitions

« We can allow explicit e-transitions in finite
automata

= I.e., a transition from one state to another state
without consuming any additional input symbol

= EXxplicit e-transitions between different states
iIntroduce non-determinism.

= Makes it easier sometimes to construct NFAs

Definition: € -NFAs are those NFAs with at
least one explicit e-transition defined.

= £ -NFAs have one more column in their
transition table www.veerpreps.gom




i Example of an e-NFA

L ={w | wis empty, or if non-empty will end in 01}

0,1

(@)

5. 0 1 e
L : | ECLOSE(q
g |9 %) {05,901 o)
do {ag.9,} | {ag} {9,}) ~t+— ECLOSE(q,)
q, @ {a,} |fa} .} ECLOSE(@,)
"d @ @ 9t .4 ECLOSE(q,)

= E-closure of a state q,
ECLOSE(q), is the set
of all states (including
itself) that can be
reached from q by
repeatedly making an
arbitrary number of

€-transitions.
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To simulate any transition:
Step 1) Go to all immediate destination states.
Step 2) From there go to all their e-closure states as well.

Example of an e-NFA

L ={w | wis empty, or if non-empty will end in 01}

0,1
Simulate for w=101:

1qu 1qlo

3, 0 1 € )Q( Oqlo

— {2 > o] ECLOSE@)) q,

d {9,9,} [{a} |{a;} ~f— ECLOSE(q,) T

g, %) {9,} {9,} qd,
|9 @ {95} www.veerpreps.gom



To simulate any transition:
Step 1) Go to all immediate destination states.
Step 2) From there go to all their e-closure states as well.

Example of another e-NFA

Simulate for w=101:
?

5. |0 1 €
— 'q, | 9 @ {90995}
do | {994 [ {ag | {a,as}

q, |9 {a,} |{a,}
q, |9 G | {a,}
9 |9 19, | {93}

www.veerprepscom



i Equivalency of DFA, NFA, e-NFA

=« Theorem: A language L is accepted by

some €-NFA if and only if L is accepted by
some DFA

= Implication:

= DFA = NFA = g-NFA
= (all accept Regular Languages)
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Eliminating €-transitions

LetE = {QE,Z,SE,qO,FE} be an €-NFA
Goal: To build DFA D={Q_,>,0_,{q,},F,} s.t. L(D)=L(E)
Construction:

Q= all reachable subsets of Q_ factoring in €-closures

q, = ECLOSE(q,)

F =subsets S in Q,, s.t. SNF_#®

0,: for each subset S of Q_ and for each input symbol a &3 :

b w b =

LetR=U 0.(p,a) // go to destination states

5,(S,a) 2MY ECLOSE(r)// from there, take a union
of all their e-closures

rin R

Reading: Section 2.5.5 in book Www.veerpreps.gom



Example: e-NFA

DFA

L ={w | wis empty, or if non-empty will end in 01}

0,1

N

¢:0-@
€

5, 0 1 c 5,

- *q,o a %) {q’oiqo} - *{q’oaqo}
9 004 [{9r [ {9}
9 @ {9,} {9,}
q, ) ) {9}
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Example: e-NFA

--—--{ ECLOSE \
5, O_E_- 1 e 5 | 0 1
— q, @ 1|8 |  — 0% |99} |{ag
4G {990 [{ag  [{ag 990 [{apa} | {9y,
9, |2 "7} |} {ay) 9,9 | {ag}
9 |9 2 9} 0% 199 | Ywww.veerpreps,gom




Summary

« DFA

= Definition

= Transition diagrams & tables
« Regular language

= NFA

= Definition

= Transition diagrams & tables
= DFAvs. NFA

= NFA to DFA conversion using subset construction
« Equivalency of DFA & NFA
= Removal of redundant states and including dead states

m E-transitions in NFA

= Pigeon hole principles
= lext searching applications www.veerpreps,com



i FA with Output string

« Moore and Mealy Machines are
Transducers that help in producing outputs
based on the input of the current state or
previous state.

« Ihe output function A and output alphabet
A Is added here

« In Moore Machine the output function is
Q- A

= In Mealy Machine the output function s
Qxx — A
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i Moore Machines

« Moore Machines are finite state machines with
output value and its output depends only on
the present state.

« Formally it can be defined as a 6 tuples
M=(Q,q0,>,A,0,A) where:
= Qs a finite set of states.
= QO is the initial state.
= » is the input alphabet.
= A is the output alphabet.
= 0 is the transition function which maps Qx> — Q.
= A is the output function which maps Q — A.

www.veerpreps,gom



Moore Machines (Cont.)

1 Present | Next | Next

State |State|State Output

g2 (ol) g2 0
1 g3 g4 g2 1
m |nput: 1,1 q4 ql q3 1
=« Transition: 6 (q0,1,1)=> 6(q2,1)=>qg2
= Output:
Ogg) (O for O, O for g2 and again 0 for
q
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Mealy Machine

=« Mealy Machines are finite state machines with
output value and its output depends on the
present state and current input symbol.

« Formally it can be defined as a 6 tuples
M=(Q,q0,>,A,0,A) where:
= Qs a finite set of states.
= QO is the initial state.
= » is the input alphabet.
= A is the output alphabet.
= 0 is the transition function which maps Qx> — Q.
= A is the output function which maps Q x> — A.
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Mealy Machines (Cont.)

=1
Input=0 Input
Present| Next Next
State |State Output State Output

1/0 q2 ql 1 q2 0
« Input: 1,1
= Transition: 8 (q0,1,1)=> 8(92,1)=>q2
«  Output:

00 (q0 to g2 transition has Output 0 and g2
to g2 transition also has Output 0)
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Moore Machines vs Mealy
Machines

Aspect Moore Machines Mealy Machines
Outputs depend only on the  |Outputs depend on the
Output current state. current state and input.
Tends to require more states Might require fewer states as
Number of : "
States due to separate output outputs are tied to transitions.

behavior.

Response Time

Slower response to input
changes as outputs update on
state changes.

Faster response to input
changes due to immediate
output updates.

Complexity

Can be simpler due to
separation of output behavior.

Can be more complex due to
combined state-input cases.

H/W requirement
for ckt
implementation

More

Less

Sync/Async

Synchronous

Asynchronous

Design

Easy

Difficult
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Conversion From Mealy to
Moore Machine

Step 1. First, find out those states which have more than 1 outp
ut associated with them. g1 and g2 are the states
which have both output 0 and 1 associated with them.

Step 2 Create two states for these states. For g1, two states will

be q10 (a state with output 0) and q11 (a state with
output 1). Similarly, for g2, two states will be 20 and g21.
Step 3: Fill in the entries of the next state using the

mealy machine transition table. For g0 on input 0, the  next
state is q10 (g1 with output 0). Similarly, for g0 on input 1, the
next state is g20 (g2 with output 0). For g1 (both 10 and q11) o

n input O, the
next state is g10. Similarly, for g1(both g10 and g11), next state |
s q21. For q10, the output will be 0 and for g11, the

output will be 1. Similarly, other entries can be filled.
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Conversion From Mealy to
Moore Machine

Input|Input

=0 | =1

Input=0 Input=1 Present| Next | Next

Present S| Next Next State |State|State Output

tate |State| Output |State| Output |:> a0 | q10 | 920 0
9 jql] 0 |q2] O q10 |q10 | q21| O
ql | ql | 0 g2 1 a1l |q10 | q21| 1
92 gt ] 1 Jq2] O 420 |qll|q20| O
g21 | qll | q20 1
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Conversion of Moore to Mealy
Machine

Input=0 Input=1
Present Next S Next S

tput tput

State | tate Outpu tate Outpu
A A B
Input| Input B C B
=0 | = C D B
Present|Next| Next Outout D A E
State [State|State P E C B

A Al B 0 @

B C B 0
¢ D B 0 Input=0 Input=1
[E) '2 E (1) Present|Next S Output Next SOutput
State | tate tate
A A 0 B 0
B C 0 B 0
C D 0 B 0
D A 0 E 1
E C www.veaerp rems5¢om



Problems on Moore and Mealy
Machine

Design a Moore machine to generate 1's compliment of a
given binary number

Design a Moore machine for a binary input sequence
such that if it has a substring 101, the machine output A,
if the input has substring 110, it outputs B other it outputs
C

Design a Moore machine that determines whether an
input string contains an even and odd number of 1's. The
machine should give 1 as output of an even number of
1’s are in the string and 0 otherwise

Design a Mealy machine that scans sequence of input O
and 1 and generates output ‘A’ if the input string
terminates in )), outputs ‘B’ if the string terminates in 11,
and output ‘C’ otherwise.

www.veerpreps Gom



Minimization of DFA

Dr. Kishore Kumar Sahu
Dept. of CSE, VSSUT, Burla

www.veerpreps.com



Minimization of DFA

e Suppose thereisa DFAD (Q, 5, &, q0, F) which recognizes a
language L. Then the minimized DFA D (Q, 5, [, 9O, F’) can
be constructed for language L as:

Step 1: We will divide Q (set of states) into two sets. One
set will contain all final states and other set will contain
non-final states. This partition is called P,,.

Step 2: Initialize k=1

Step 3: Find P,_by partitioning the different sets of P, _.
each set of P, ., we will take all possible pair of states. If two
states of a sef are distinguishable, we will split the sets into
different setsin P, .

Step 4: Stop when P.=P (No change in partition)

Step 5: All states of One set are merged into one. No. of
states in minimized DFA will be equal to no. of setsin P, .
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Partition class

* How to find whether two states in partition
P _are distinguishable ?
Two states ( qi, qj ) are distinguishable in
partition P _if for any input symbol a, B( qi, a )
and B( gj, a ) are in different sets in partition

P.
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Example

 Consider the following Q\>
DFA shown in figure.
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Example (Cont.)

* Forset{ql,q2,q4}: _“_
l(q1 0)=0(qg2,0)=9g2and
B(qgl,1)=0(qg2, 1)=95,So
ql and g2 are not
distinguishable. *02 q2 a5
Similarly, @(g1,0)=2(q4,0)
=g2and®(ql,1)=0(g4,1) a3 9O ik
=5, So q1 and g4 are no *q4 q4 SE
distinguishable.
g5 qsS g5

Since, q1 and g2 are not
distinguishable and q1 and g4
are also not distinguishable, So
g2 and g4 are not
distinguishable. So, { 91, g2, q4
} set will not be partitioned in
P1.
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Example (Cont.)

ii) For set { 0, 93, 5 } : oy | o | 1
@(q0,0)=q93andB(qg3,0) ->q0 a3 ql
=q0 *q1 92 q5
?(q0,1)=qglandB(qg3,1)=

q4 *q2 g2 g5

So, q0 and g3 are not g3 q0 q4
distinguishable *q4 q4 a5

B(q0,0)=qg3and@(q5,0) g5 a5
=qg5andB(q0,1)=qland

(g95,1)=95

So, g0 and g5 are

distinguishable

P1={{ql,02,94} {q0,
a3h, {a5}}
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Example (Cont.)
oy | o0 | 1

 To calculate P2, we will
check whether sets of

partition P1 can be *q1 02 a5
partitioned or not: - , :
iii)Forset{ql,q2,q4 }: | i |

@(ql,0)=0(q2,0)=q2 @3 © “
and@(qgl,1)=0(qg2,1) g4 q4 g5
= qSI a5 qs g5

* @(ql,0)=0(q4,0)=
and@(ql,1)=0(qg4,1
a5

 So,{ql, g2, g4 } set will
not be partitioned in P2

g2
)
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Example (Cont.)
o | 1

To calculate P2, we will check
whether sets of partition P1 can
be partitioned or not:
iii)Forset{ql,q2,q94}:
B(qgl,0)=R(9g2,0)=q9g2and & (
ql,1)=08(g2,1)=q5,
B(qgl,0)=R(g4,0)=92and B
q1,1)=B8(g4,1)=095

So, { g1, g2, g4 } set will not be
partitioned in P2

iv)Forset {q0,q3 }:

B (g0,0)=qg3andl(qg3,0)=90
B(q0,1)=qland@(q3,1)=qg4
So, q0 and g3 are not
distinguishable

Q\2

g2 a5
g2 g5
q0 q4
q4 a5
a5 a5
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Example (Cont.)

e Since, P1=P2. So, this is
the final partition.

Partition P2 means that
gl, g2 and g4 states are

merged into one.

Similarly, g0 and g3 are

merged into one.

a3 | o | 1
->q0 q3 gl
*ql 02 a5
*g2 q2 a5
a3 q0 q4
*q4 q4 a5
a5 a5 a5

o (o]
0,1
o, a1 ql, 1
—/ g3 > qZ2,
q4
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Example 2

Given DFA Minimized DFA

mm mmm
{d1,q3} {a1,q3}
02 q4 {q0,92} {q4}
a1 ” (a4} (a4}
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Myhill-Nerode Theorem

Create the pairs of all the states

involved in DFA. Given DFA e
States p

0 1

Qo0 Q1 Q2

Qo Q1 Q2 Q3 Q4 Q5 Q1 Q3 Q4

Qo Q2 Q4 Q3

Qf Q3 Q5 Q5

Q2 Q4 Q5 Q5

Q3 Q5 Q5 Q5

Q4

Q5




Myvhill-Nerode Theorem (Cont.)

Mark all the pairs (Qa, Qb) such a that

Qa is Final state and Qb is Non-Final State. ~ Glven DFAsmes nputs
0 1
Q@ |[a1|a2
Q@ Q1 Q2 Q3 Q4 Q5 Q1 Q3 | 4
Qo Q@2 |Q4|a3
Q1 | of Q3 Q5 | Q5
Q2 |of Q4 Q5 | Q5
Q3 a4 Q5 Q5 | @5
| ||«
os | o v




Myvhill-Nerode Theorem (Cont.)

Mark all the pairs (Qa, Qb) such a that .
Qa is Final state and Qb is Non-Final State. Given DFA

Inputs

States B y

Qo Q1 | @2

Q0 Q1 Q2 Q3 Q4 Q5 o o | aa

@0 Q2 Q4 | Q3

at | Q3 Q5 | @5

az | Q4 Q5 | @5

s | Q5 Q5 | @5

Q4 |

Qs | of |of v | S




Myvhill-Nerode Theorem (Cont.)

Mark all the pairs (Qa, Qb) such a that .
Qa is Final state and Qb is Non-Final State. Given DFA

states | —ITPUES
Qo Q1 | Q2
Q@ Q1 Q2 Q3 Q4 Q5 Q1 Q3 | Q4
Qo Q2 Q4 | Q3
Q1 | of Q3 Q5 | @5
Q2 | of Q4 Q5 | @5
Q3 v 4 Q5 Q5 | @5
Q4 |
s |\ | ||| S




Myvhill-Nerode Theorem (Cont.)

Mark all the pairs (Qa, Qb) such a that .
Qa is Final state and Qb is Non-Final State. Given DFA

states | —ITPUES
Qo Q1 | Q2
Q@ Q1 Q2 Q3 Q4 Q5 Q1 Q3 | Q4
Qo Q2 Q4 | Q3
Q1 | of Q3 Q5 | @5
Q2 | of Q4 Q5 | @5
Q| | | Q5 Q5 | @5
Q4 |
s |\ | ||| S




Myvhill-Nerode Theorem (Cont.)

Mark all the pairs (Qa, Qb) such a that
Qa is Final state and Qb is Non-Final State.

Q0 Q1 Q2 Q@3 Q4 Q5

Qo

Q1

Q2

Q3

Q4

NSNS

Q5

Given DFA
Inputs
States

0 1
Qo Q1 Q2
Q1 Q3 Q4
Q2 Q4 Q3
Q3 Q5 Q5
Q4 Q5 Q5




! Regular Expressions

Reading: Chapter 3
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Regular Expressions vs. Finite

i Automata

« Offers a declarative way to express the pattern of any
string we want to accept
. E.g., 01*+ 10"

=« Automata => more machine-like
< input: string , output: [accept/reject] >
= Regular expressions => more program syntax-like

= Unix environments heavily use regular expressions
- E.g., bash shell, grep, vi & other editors, sed

= Perl scripting — good for string processing

= Lexical analyzers such as Lex or Flex
www.veerpreps.com



Regular Expressions

Syntacti

expressions Autormata/machines
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i Language Operators

= Union of two languages:
« L UM = all strings that are eitherin L or M

= Note: A union of two languages produces a third
language

= Concatenation of two languages:

- L .M = all strings that are of the form xy
st,xelLandy e M

= The dot operator is usually omitted
- I.e., LM is same as L.M
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Kleene Closure (the * operator)

Kleene Closure of a given language L:

. LO%={g}

L'={w | for some w € L}

L={w.w,|w, €L, w, € L (duplicates allowed)}

={w,w,...w | all w's chosen are € L (duplicates allowed)}
- (Note: the choice of each w. is independent)
« L*= UiZO L' (arbitrary number of concatenations)

Example:

« LetL={1, 00}

. LO%={g}

. L'={1,00}

. L?={11,100,001,0000}

. L°={111,1100,1001,10000,000000,00001,00100,0011}

. L*=rourLrurzuy ...
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* Kleene Closure (special notes)

. L*is an infinite set iff |L|21 and L#{} V"7
. IfL={c}, then L* = {¢} Why?
. fL=,thenL*={g Why?

/ )

2* denotes the set of all words over an
alphabet 2

= Therefore, an abbreviated way of saying
there is an arbitrary language L over an
alphabet 2 is:

\_ . Lc3* /
: reps.gom




i Building Regular Expressions

=« Let E be a regular expression and the
language represented by E is L(E)

« |hen:

. (E)=E
L(E +F)=L(E) UL(F)
L(E F) =L(E) L(F)
L(E”) = (L(E))*

www.veerpreps.com



Example: how to use these regular
expression properties and language

operators?

« L={w]|wis abinary string which does not contain two consecutive 0s or
two consecutive 1s anywhere)
- E.g,w=01010101isin L, while w = 10010 is notin L
= Goal: Build a regular expression for L
=« Four cases for w:
- Case A: w starts with 0 and |w]| is even
= Case B: w starts with 1 and |w| is even
- Case C: w starts with 0 and |w| is odd
= Case D: w starts with 1 and |w| is odd
= Regular expression for the four cases:
« CaseA: (01)*
« CaseB: (10)*
« CaseC: 0(10)*
. CaseD: 1(01)*
= Since L is the union of all 4 cases:
. Reg Exp for L = (01)* + (10)* + 0(10)* + 1(01)*
= If we introduce ¢ then the regular expression can be simplified to:

= RegExpforL = (€ +1)(01)*(€ +0)
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i Precedence of Operators

= Highest to lowest
= * operator (star)

(concatenation)
« + operator

« Example:
. 01*+1 = (0.((1)"))+ 1
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Finite Automata (FA) & Regular
Expressions (Reg Ex)

= [0 show that they are interchangeable,
consider the following theorems:

« Theorem 1: For every DFA A there exists a regular
Proofs expression R such that L(R)=L(A)

in the book « Theorem 2: For every reqgular expression R there
exists an € -NFA E such that L(E)=L(R)

€ -NFA NFA

Theorem 2 \ Kleene Theorem

<«——_ DFA

Theorem 1
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DIFA Theorem>@
DFA to RE construction

Informally, trace all distinct paths (traversing cycles only once)
from the start state to each of the final states
and enumerate all the expressions along the way

Example: 1

(1) 0 (0%) 1 (0+1)
N\ ~ AN ~ /\_Y_/ G ~ J
1% 00* 1 (0+1)°
@ Q) What is the language?
1%00*1(0+1)*
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> € -NFA
@g_EX/Theorem Q

* RE to e-NFA construction

Example: (0+1)*01(0+1)*

(0+1)* 01 (0+1)*
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Algebraic Laws of Regular

i EXxpressions

« Commutative:
. E+F =F+E
« Associative:
-« (E+F)+G = E+(F+G)
. (EF)G = E(FG)
« ldentity:
= E+tO=E
. eE=Ee=E
=« Annihilator:
« PE=ED =0
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i Algebraic Laws...

= Distributive:
. E(F+G)=EF + EG
. (F+G)E = FE+GE
« ldempotent. E+ E=E
= Involving Kleene closures:

. (E** =E*
= O =¢

= £ =€

- EY =EE*

« E? =¢+E
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i True or False?

Let R and S be two regular expressions. Then:

. ((R*)*)* = R* ?
,  (R+S)*=R* + S* ?

s (RS +R)*RS = (RR*S)* ?
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i Summary

= Regular expressions
= Equivalence to finite automata
= DFA to regular expression conversion

= Regular expression to e-NFA
conversion

« Algebraic laws of regular expressions

= Unix regular expressions and Lexical
Analyzer
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IDENTITIES OF RE AND ITS
APPLICATIONS

Dr. Kishore Kumar Sahu
Dept. of CSE, VSSUT, Burla
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IDENTITIES FOR RE

We now give the identities for regular expressions; these are useful for
simplifying regular expressions.
I @ + R=R
I, @GR =RO =9
I AR = RA =R
I, A¥=Aand 0x=A
I R+R=R
I R*R* = R*
I, RR* =RR
Iy (R¥)* =R’
Iy A+ RR*¥ = R* = A + R*R
Ly (PQY*P = P(QP)*
I;, P+ Q) = (P*Q*)* = (P* + Q%)

I P +QR=PR + QR and RP il 5eBiors R Qom



Arden' s theorem

Theorem 5.1 (Arden’s theorem) Let P and Q be two regular expressions
over . If P does not contain A, then the following equation in R, namely

R=Q +RP (3.1)
has a unique solution (i.e. one and only one solution) given by R = QP*.

Hence (5.1) is satistied when R = QP*. This means R = QP* 1s a solution
of (5.1).
To prove uniqueness. consider (5.1). Here, replacing R by Q + RP on the
R.H.S., we get the equation
Q+RP=Q + (Q + RP)P
= Q + QP + RPP
= Q + QP + RP-
=Q + QP + QP° + ... + QP! + RP™
= QA +P + P + ... +P)+ RP
www.veerpreps.com



Arden' s theorem

From (5.1).
R=QA+P+P +... +P)+RP* fori=z0 (52

We now show that any solution of (5.1) 1s equivalent to QP*. Suppose R
satisfies (5.1). then it satisfies (5.2). Let w be a string of length i in the set
R. Then w belongs to the set (A + P + P + ... + P) + RP*, As P does
not contain A. RP™! has no string of length less than i + | and so w is not
in the set RP™'. This means that w belongs to the set QA + P + P + . ..
+ PY. and hence to QP*.

Consider a string w in the set QP*. Then w is in the set QP* for some
k = 0. and hence in QA + P+ P> + ... + PY). So w is on the RH.S. of
3.2). Therefore, w is in R (ILLH.S. of (5.2)). Thus R and QP* represent the
same set. This proves the uniqueness of the solution of (5.1). |1
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Example

e (Q Give an re. for representing the set L of strings in which every O is
immediately followed by at least two 1's

* Soln:

It wis in L, then either (a) w does not contain any 0, or (b) it contains
a 0 preceded by | and followed by 11. So w can be written as
wiws ... w,, where each w; 1s either 1 or O11. So L is represented
by the re. (1 + 011)*.
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Example

® Q Prove that the regular expression R = A + 1*(011)*(1* (011)*)* also
describes the same set ot strings.

* SolIn:
R = A + P,P* where P, = 1*(011)%*
= P/ using /g
= (1*(011)*)*
= (PP;)* letting P, = 1, Py = 011
= (P>, + Pyj* using /4
= (1 + 01D)*
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Example

Prove (1 + 00%1) + (1 + 00*1)(0 + 10*1)* (0 + 10*1) = 0*1(0 + 10*1)*.

Solution
LHS. =1+ 00*1) (A + (0 + 10*1)* (0 + 10%1)) using I;»
= (1 + 00%1) (0 + 10%1)* using fy
= (A + 00%)1 (0 + 10*1)* using /;» for 1 + 00*1
= 0710 + 10*])* using fy
= B.H.S.
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DFA TO RE USING ARDEN'S THEOREM

This is used to find the r.e. recognized by a transition system.
The following assumptions are made regarding the transition system:

(1) The transition graph does not have A-moves.
(11) It has only one initial state. say v;.
(111) Its vertices are vy ... v,
(iv) V; the r.e. represents the set of strings accepted by the system even
though v; 1s a final state.
(v) o denotes the r.e. representing the set of labels of edges from v; to
r,( When there is no such edge. oy; = §. Consequently, we can get the

tollowing set of equations in V; ... V:
V’l = "T-E.(XH -+ V:a:! + .- + V”a,,] + A
Vo= Vios + Vatay + -+ + V0

‘;r.'; = "?}alu 4 ‘73(13}2 e e a of Vnaun

By repeatedly applying substitutions and Theorem 5.1 (Arden’s theorem).
we can express V; in terms of @;;'s.
For getting the set of strings recognized by the transition system, we have
to take the “union” of all V's corresponding to final states.  www.veerpreps.com



EXAMPLE

Fig. 5.13 Transition system of Example 5.8.

Solution

We can directly apply the above method since the graph does not contain any
A-move and there is only one initial state.
The three equations for ¢;. g» and gz can be written as

q, = qa + @b + A, q> = q,a + q:b + qsa. q; = Q-4

It is necessary to reduce the number of unknowns by repeated substitution. By
substituting g2 in the g--equation. we get by applying Theorem 5.1

q:= q;2 + ;b + q-aa
= qa + q-(b + aa)

q,a(b + aa)*

www.veerpreps.com



EXAMPLE (Cont.)

Substituting g~ in q;, we get
q = qa + qab + aa)*b + A

= q)(a + a(b + aa)*b) + A
Hence,
q, = A(a + a(b + aa)*b)*

q>= (a + a(b + aa)*b)* a(b + aa)*
q: = (a + a(b + aa)*b)* a(b + aa)*a
Since g4 is a final state, the set of strings recognized by the graph is given by

(a + a(b + aa)*b)*a(b + aa)*a
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EXAMPLE
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EXAMPLE (Cont.)

q;=q:b + q:a + A

9= q,a

q: = qib

q;= q:a + qzb + gqsa + q4b

As q; is the only final state and the g-equation involves only q. and q3, we
use only g-- and qz-equations (the gqs-equation is redundant for our purposes).
Substituting for > and g3, we get

q; = q;ab + q;ba + A = q,(ab + ba) + A
By applving Theorem 5.1, we get
q; = A(ab + ba)* = (ab + ba)*

As q is the only final state, the strings accepted by the given finite automaton
are the strings given by (ab + ba)*. As any such string is a string of ab’s,
and ba’s. we get an equal number of «’s and b’s. If a prefix x of a sentence
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EXAMPLE

www.veerpreps.com



EXAMPLE (Cont.)

q =90+ A
- = q;1 + q»1
q: = -0 + q3(0 + 1)

By applying Theorem 3.1 to the ;-equation, we get
q; = AO* = 0%

So.
q> = q;1 + g1 = 071 + g1
Therefore.
q: = (0*1)1*

As the final states are q, and g», we need not solve for qs:

q, + q> = 0% + 0*(11%) = 0*(A + 11%) = 0*%(1%) by I
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Assignment

0

4

@/

q = A0 + K1 + 01)* 00)* = (0 + 1(1 + 61)* 00)*
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¢

Assignment

g-01 = (1 + 011)* 01
(0 + 1(1 + 011)*(00 + 010))*(1(1 + 011)* 01)
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State Elimination Method

* This method involves the following steps in finding the
regular expression for any given DFA

Step-01:

Thumb Rule (The initial state of the DFA must not have any
incoming edge)

* |f there exists any incoming edge to the initial state, then
create a new initial state having no incoming edge to it

Example-

LB = -0—C_P
N

Incoming Edge New Initial State
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State Elimination Method (Cont.)

e Step-02:
Thumb Rule (There must exist only one final state in the
DFA)

* |f there exists multiple final states in the DFA, then
convert all the final states into non-final states and
create a new single final state.

Multiple Final States New Final State
www.veerpreps.com



State Elimination Method (Cont.)

* Step-03:

Thumb Rule (The final state of the DFA must not have any
outgoing edge)

* |f there exists any outgoing edge from the final state, then
create a new final state having no outgoing edge from it.

Example-
f Outgoing Edge

— @

New Final Stawww.veerpreps-com



State Elimination Method (Cont.)

* Step-04.
— Eliminate all the intermediate states one by one.
— These states may be eliminated in any order.

* In the end,

— Only an initial state going to the final state will be left.

— The cost of this transition is the required regular
expression.

* NOTE

— The state elimination method can be applied to any
finite automata (NFA, =-NFA, DFA etc)
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Example 01

@
Step-01:

— Initial state A has an incoming edge.
— So, we create a new initial state q.

The resulting DFA is-

oo

www.veerpreps.com



Example 01 (Cont.)

Step-02:
— Final state B has an outgoing edge.
— So, we create a new final state g

The resulting DFA is-

www.veerpreps.com



Example 01 (Cont.)

Step-03: Now, we start eliminating the intermediate states.

First, let us eliminate state A.
— There is a path going from state q. to state B via state A.

— So, after eliminating state A, we put a direct path from state q. to
state B having cost €.0=0

— There is a loop on state B using state A.

— So, after eliminating state A, we put a direct loop on state B
having cost 1.0 = 10.

Eliminating state A, we get-

—(a) B
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Example 01 (Cont.)

Step-04: Now, let us eliminate state B.
— There is a path going from state q. to state q, via state B.

— So, after eliminating state B, we put a direct path from state q. to
state g, having cost 0.(10)*. e = 0(10)*

Eliminating state B, we get-

—(@)

Regular Expression = 0(10)*
NOTE- In the above question,

— If we first eliminate state B and then state A, then regular
expression would be = (01)*0.

— This is also the same and correct.
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Step-01:
— There exist multiple final states.
— So, we convert them into a single final state.

The resulting DFA is-




Example 02 (Cont.)

Step-02: Now, we start eliminating the intermediate
states

First, let us eliminate state q,,.
— There is a path going from state q, to state q, via state q,.

— So, after eliminating state g, , we put a direct path from
state g, to state g, having cost b.< =b.

The resulting DFA is-

(a1 @@
N

@ www.veerpreps.com



Example 02 (Cont.)

Step-03: Now, let us eliminate state q,.

— There is a path going from state g, to state g, via
state q,.

— So, after eliminating state g, , we put a direct path
from state q, to state g, having cost c. & =c.

The resulting DFA is-

www.veerpreps.com



Example 02 (Cont.)

Step-04: Now, let us eliminate state q..
— There is a path going from state q, to state q, via state q..

— So, after eliminating state q. , we put a direct path from
state g, to state g, having cost d. € =d.

The resulting DFA is-




Example 02 (Cont.)

Step-05: Now, let us eliminate state q,,.

— There is a path going from state q, to state g, via state
q,.

— So, after eliminating state q,, we puta direct path
from state q, to state g, having cost a.(b+c+d).

The resulting DFA is-

q1

Regular Expression = a(b+c+d)

www.veerpreps.com



Example 03

()
@S
Step-01:

— Initial state g, has an incoming edge.
— So, we create a new initial state q.

The resulting DFA is-

www.veerpreps.com



Example 03 (Cont.)

Step-02:
— Final state g, has an outgoing edge.
— So, we create a new final state d;-

The resulting DFA is-

www.veerpreps.com




Example 03 (Cont.)

Step-03: Now, we start eliminating the intermediate states.

First, let us eliminate state q,.
— There is a path going from state g, to state q, via state q, .

— So, after eliminating state q,, we put a direct path from state g, to state
g, having cost &.c*.a =c*a

— There is a loop on state q, using state q, .

— So, after eliminating state q, , we put a direct loop on state g, having
cost b.c*.a =bc*a

* Eliminating state q, we get-

www.veerpreps.com



Example 03 (Cont.)

Step-04: Now, let us eliminate state q,,.

— There is a path going from state q. to state g, via state
i
— So, after eliminating state d,, We put a direct path

from state g. to state q. havmg cost c*a(d+bc*a)* &
= c*a(d+bc*a)*

The resulting DFA is-

—(@)

Regular Expression = c*a(d+bc*a)*

www.veerpreps.com



Example 04

| -
* O
Step-01:

— State D is a dead state as it does not reach to any final state.
— So, we eliminate state D and its associated edges.

The resulting DFA is-

o

www.veerpreps.com



Example 04 (Cont.)

Step-02:
— Initial state A has an incoming edge (self loop).
— So, we create a new initial state q..

The resulting DFA is-

www.veerpreps.com



Example 04 (Cont.)

Step-03:
— There exist multiple final states.
— So, we convert them into a single final state.

* The resulting DFA is-

www.veerpreps.com



Example 04 (Cont.)

Step-04: Now, we start
eliminating the intermediate
states.

First, let us eliminate state C.

— There is a path going from
state B to state q, via state C.

— So, after eliminating state C,
we put a direct path from

state B to state g, having cost
b.b*.€ =bb*

Eliminating state C, we get-

www.veerpreps.com



Example 04 (Cont.)

Step-05: Now, let us
eliminate state B.

— There is a path going from
state A to state q, via state
B.

— So, after eliminating state
B, we put a direct path
from state A to state
d, having cost
a.a*.(bb*+<)
= aa*(bb*+ <)

* Eliminating state B, we
get-

www.veerpreps.com



Example 04 (Cont.)

Step-06: Now, let us eliminate state A.
— There is a path going from state q, to state q, via state A.

— So, after eliminating state A, we put a direct path from state q. to
state g, having cost €.b*. (aa*(bb*+E)+E) =
b*(aa* 2bb*+6)+6)

* Eliminating state A, we get-

Regular Expression = b*(aa*(bb*+ € )+€)
e We know, bb* + € =b*, So, we can also write-
Regular Expression = b*(aa*b*+€)
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Example 05
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Example 05 (Cont.)
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Example 05 (Cont.)

* Regular Expression =
(ab + b(a+bb))*

www.veerpreps.com



Example 06

* Regular Expression = a

—(®O——0
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Example 07
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Example 07

* Regular Expression =
aa* + ba*

www.veerpreps.com



RE TO DFA

Dr. Kishore Kumar Sahu
Dept. of CSE, VSSUT, Burla
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CONSTRUCTION OF FATO RE

Construct the finite automaton equivalent to the regular expression

(0 + 1H*00 + 11)0 + 1)*

__f\ (0 +1)*(00 + 11)(0 + 1)*

(@)

www.veerpreps.com



Example 01 (Cont.)
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Example 01 (Cont.)

State/X o 0 : 1
— Qs Go. T2 9o Qs
ds qr
@ Ge Q7
o g :
0 0 \Jy : 9 9

Qo Q4
- (0. Gal {90, G4l
K (Ge, 9a) [Go. o, /) (0. s}
(Gz. Q4 (92, G5l (ac. 94. G/
(@ Gs G (G, G5 Q7] (. s, Q]
G2 . gl 90 oo @) 195 94 G
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Example 01 (Cont.)

0,1

www.veerpreps.com



Example 02

Construct a DFA with reduced states equivalent to the re. 10 + (0 + 11)0*1.

18 + (0 +11) 0*1 ?

Go ) . 1 g

\_0/ {a) @
10

/'Y’//__\\/q\
iy (0 + 11)0*1 O

ib) Elimination of +,

/K'/ ~._
0
1 \\’\
3\/ &

(¢! Eliminaticn of concatenation and *. www.veerpreps.com
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o/ _ www.veerpreps.com
e} Elimination of A-moves.



Example 02 (Cont.)

State/T 0] 1
-4 3
a4 qr
d>
Qs s
@)
Q Qg
- {0l [g] (91, g2l 5
{qal {gal (a:]
[Q‘-ng] a7 [9:]
YR
_, @ .= ) ]
) ) @
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Properties of Regular

! Languages

Reading: Chapter 4
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i Topics

n  How to prove whether a given
language is regular or not?

2 Closure properties of regular
languages

3y Minimization of DFAs

www.veerpreps.com



Some languages are not

i regular

When is a language is regular?
If we are able to construct one of the

following: DFA or NFA or € -NFA or regular
expression

When is it not?

f we can show that no FA can be built for a
anguage

www.veerpreps.gom



How to prove languages are

i not regular?

What if we cannot come up with any FA?
A) Can it be language that is not regular?
B) Or is it that we tried wrong approaches?

How do we decisively prove that a language
IS not regular?

“The hardest thing of all is to find a black cat in a dark room,
especially if there is no cat!” -Confucius

WWW.Veerpreps.gom



Example of a non-regular
language

Let L = {w | wis of the form 0"1" | for all n=0}
« Hypothesis: L is not reqular

= Intuitive rationale: How do you keep track of a
running count in an FA?

=« A more formal rationale:
o By contradition, if L is regular then there should exist a DFA

for L.

o Let k = number of states in that DFA.

» Consider the special word w= 01 =>w e L

1 DFA'is in some state p,, after consuming the first i symbols in
W

www.veerpreps.gom



Uses Pigeon Hole Principle

* Rationale...

[

Let {p,.P,.--- P} be the sequence of states that the
DFA should have visited after consuming the first
k symbols in w which is 0¥

But there are only k states in the DFA!
==> at least one state should repeat somewhere
along the path  (by P P ) + @Onciple)

=> Let the repeatmg state be p=p, fori<]

=> \We can fool the DFA by inputing 0%{-)1k and
stiII get it to accept (note: k-(j-i) is at most k-1).
==> DFA accepts strings w/ unequal number of Os
and 1s, implying that the DFA is wrong!

é/is gom

www.veerpr



The Pumping Lemma for

g Regular Languages

What it is?
The Pumping Lemma is a property
of all regular languages.

How is it used?
A technique that is used to show that
a given language is not regular

www.veerpreps.com



Pumping Lemma for Regular

i Languages

Let L be a regular language

Then there exists some constant N such that for
every string w € L s.t. |w|2N, there exists a
way to break w into three parts, w=xyz, such
that:

1. V# €
2. |xy|EN
5. For all k=0, all strings of the form xy*z € L

This property should hold for all regular languages.

Definition: N is called the “Pumping Lemma CSR¥¥nteqPreps-gom




i Pumping Lemma: Proof
= L Isregular => it should have a DFA.

. Set N := number of states in the DFA

« Any string wEL, s.t. [w|2N, should have the
form: w=a.a,...a_, where mzN

= Let the states traversed after reading the first
N symbols be: {p,,p,;--- Py}

1 ==> There are N+1 p-states, while there are only
N DFA states

n ==> at least one state has to repeat
i.e, p.= p where 0<i<jsN (by PHP)
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Pumping Lemma: Proof...

[

=> \We should be able to break w=xyz as follows:

1 X=a,a,..a; y=a,.a,.a; z=a,.a,,.-a_

o x’s path will be p,,..p,

1 y’'s path will be p.p.,...p, (but p= pJ implying a loop)

. Z's path willbe pp,. .p_ S y"“(‘far“k“l'aabg) .............. |

Now consider another N 7
string w =xy“z , where k=0 —'® ------------ ’@ ------------

Case k=0 0 =p,

o DFA will reach the accept state p

Case k>0

1 DFA will loop for y¥, and finally reach the accept state p,, forz

In either case, W, E L 115 proves part (3) of the lemma

www.veerpreps.gom



i Pumping Lemma: Proof...

. F or p art ( 1 ) ........................................ | yk(forkloops) ..............
R T
0 i:pj

« Forpart (2):
- By PHP, the repetition of states has to
occur within the first N symbols in w

= ==>|xy|=N
]

www.veerpreps.com



The Purpose of the Pumping

* Lemma for RL

= 10 prove that some languages cannot
be reqgular.

www.veerpreps.com



How to use the pumping

i lemma??

Think of playing a 2 person game

Role 1: We claim that the language cannot be

regular

Role 2: An adversary who claims the

language is regular

We show that the adversary’s statement will lead
to a contradiction that implyies pumping lemma
cannot hold for the language.

We win!!
www.veerpreps.com



How to use the pumping
lemma? (The Steps)

1. (we) L is not regular.

2. (adv.) Claims that L is regular and gives you
a value for N as its P/L constant

3. (we) Using N, choose a stringw € L s.t.,
1. |w| =N,
2. Using w as the template, construct other words
w,of the form xy*z and show that at least one
suchw, &L

=> this implies we have successfully broken the
pumping lemma for the language, and hence that the
adversary is wrong.
(Note: In this process, we may have to try many values of Kk,
starting with k=0, and then 2, 3, .. so orq,vww_i{,%,%,l,,p,sﬁom




Note: We don’t have any control over N, except that it is positive.
We also don’t have any control over how to split w=xyz,
but xyz should respect the P/L conditions (1) and (2).

Using the Pumping Lemma

« What WE do? = What the Adversary does?
1. Claims L is regular

2. Provides N

3. Using N, we construct
our template string w

4. Demonstrate to the
adversary, either
through pumping up or
down on w, that some
stringw, € L
(this should happen

regardless of w=xyz) www.veerpreps.gom



'Note: This N can be anything (need not necessarily be the #states in the DFA. !
i It's the adversary’s choice.) :

Example of using the Pumping Lemma to
prove that a language is not regular

Let L ={w| wis a binary string with equal number
of 1s and Os}

= Your Claim: Leq IS not regular

« Proof:
1 By contradiction, let Leq be regular _adv.
1 P/L constant should exist | adv.
1 Let N =that P/L constant -
»  Consider input w = QNN Ll you

(your choice for the template string)

1 By pumping lemma, we should be able to break _you
w=xyz, such that:
1) y# &
2) |Xy|SN

o Forallkz0, the string xyzis alsoin L ywww.veerpreps.gom



Template string w = ON1N =00 N 011 ... 1

—_—

Proof...

1 Because |xy|<N, xy should contain only Os Llyou
0 (This and because y# €, implies y=0")

o Therefore x can contain aft most N-1 Os

o Also, all the N 1s must be inside z

1 By (3), any string of the form xy*z € L, for all k=0
Tsetingk=0is | Case k=0: xz has at most N-1 Os but has N 1s
pampingdewn 1 Therefore, xy°z & L

o This violates the P/L (a contradiction) 4

_________ J

Another way of proving this will be to show that if
: f;?gifr‘gdkt?af the #0s is arbitrarily pumped up (e.g., k=2),

1, : y | i
| “pumping up” | then the #0s will become exceed the #1s WWW.veerpreps.com



i Exercise 2

Prove L = {0"10" | n= 1} is not regular

Note: This n is not to be confused with the pumping
lemma constant N. That can be different.

In other words, the above question is same as

proving:
« L={0m10™ | m= 1} is not regular

www.veerpreps.gom



Example 3: Pumping Lemma

Claim: L ={0'|iis a perfect square} is not regular

= Proof:

By contradiction, let L be regular.

P/L should apply

Let N = P/L constant

Choose w=0N?

By pumping lemma, w=xyz satisfying all three rules

By rules (1) & (2), y has between 1 and N Os

By rule (3), any string of the form xy*z is also in L for all k=0
Case k=0:

o #zeros (xy°z) =  #zeros (xyz) - #zeros (y)

0 N2—N < #zeros (xy%z2) < N2-1

1 (N-1)2 < N2-N < #zeros(xy’z) < N2?-1 < N?
0
0

= = = = = = = =

xy%z ¢ L
But the above will complete the proof ONLY IF N>1.

... (proof contd.. Next slide)
www.veerpreps.gom



Example 3: Pumping Lemma

o (proof contd...)

o If the adversary pick N=1, then (N-1)> < N2 — N, and therefore the #zeros(xy"z)
could end up being a perfect square!

»  This means that pumping down (i.e., setting k=0) is not giving us the proof!
1 So lets try pumping up next...

n Case k=2:
o #zeros (xy?’z) = #zeros (xyz) + #zeros (y)
0 N?2+1 < #zeros (xy’z) < N2+N

o N2 < N2+1< #zeros(xy’z) < N2+N < (N+1)2

0 xy’zé L _%

1 (Notice that the above should hold for all possible N values of N>0. Therefore, this
completes the proof.)
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Closure properties of Regular

E Languages
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Closure properties for Regular
Languages (RL) 1o amoen

from Kleene
closure

« Closureproperty:
- If a set of regular languages are combined using
an operator, then the resulting language is also
regular
=« Regqular languages are closed under:
« Union, intersection, complement, difference
= Reversal
= Kleene closure
. Concatenation Now, lets prove all of this!
= Homomorphism
« Inverse homomorphism
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i RLs are closed under union

« IFLandM are two RLs THEN:

1 they both have two corresponding regular
expressions, R and S respectively

1 (L U M) can be represented using the regular
expression R+S

1 Therefore, (L U M) is also regular -

How can this be proved using FAs?
www.veerpreps.gom



RLs are closed under
complementation

« IfLis an RL over ¥, then L=5*-L

1 To show L is also regular, make the following

construction convert every final state into non-final, and
every non-final state into a final state

~-
o

Assumes g0 is a non-final state. If not, do the opposite. www.veerpreps.gom



RLs are closed under

i Intersection

= A quick, indirect way to prove:
= By DeMorgan’s law:
- LAM=(LUM)
= Since we know RLs are closed under union
and complementation, they are also closed
under intersection
= A more direct way would be construct a
finite automaton for L N M

www.veerpreps.gom



* DFA construction forL N M

« A =DFAforL={Q,> ,q,F,5 }

- AM.= DFAforM={Q,, > ,q,,F,, 6, }

« Build A ., ={QxQ,>,(q.q,), F xF,0o}
such that:

= 3((p,q),a) = (3, (p,a), 3,,(q,a)), where p in Q , and q in
QM
= [his construction ensures that a string w will

be accepted if and only if w reaches an
accepting state in both input DFAs.

www.veerpreps.£om



DFA construction forL N M

DFA for L |




RLs are closed under set

i difference

Closed under intersection
« We observe/

Closed under

=« L-M=LN M/ complementation

« Iherefore, L - M is also regular

www.veerpreps.gom



i RLs are closed under reversal

Reversal of a string w is denoted by wR
. E.g., w=00111, wR=11100
Reversal of a language:

= LR = The language generated by
reversing all strings in L

Theorem: If L is regular then LR is also
regular

www.veerpreps.gom



¢ -NFA Construction for LR

New &-NFA for LR

—New start
state
Make the ~7|
old start state |
as the only new
final state 5
v
What to do if q, was Reverse all transitions ™. 3
) R IR
S BT LTD Il Sl Convert the old set of final states

. : o
in the input DFA” into non-final WY4veerpreps.gom




If L is regular, LR is regular (proof

i using regular expressions)

= Let E be aregular expression for L
= Given E, how to build ER?
= Basis: If E= ¢, @, or a, then ER=E
« Induction: Every part of E (refer to the part as “F")
can be in only one of the three following forms:
. F=F+F,
. FR=FFR+FR
2. F= I;1 F, .
; F(F=) FRF.
3. =(F,)
(FR)* = (F

1R)*

www.veerpreps.gom



i Homomorphisms

= Substitute each symbol in ) (main alphabet)
by a corresponding string in T (another
alphabet)
. h: y--->T*

= Example:
- Let >={0,1} and T={a,b}
= Let a homomorphic function h on ) be:
. h(0)=ab, h(1)=¢
= [fw=10110, then h(w) = eabegab = abab

= In general,
. h(w) =h(a,) h(a,)... h(a )

www.veerpreps.gom



i RLs are closed under homomorphisms

1.

2.

3.

Theorem: If L is regular, then so is h(L)

Proof: If E is a RE for L, then show L(h(E)) = h(L(E))
Basis: If E= ¢, G, or a, then the claim holds.
Induction: There are three forms of E:

E = E,+E,

L(h(E)) = L(h(E,) + h(E,))
h(L(E)) = h(L(E,) + L(E,))
By inductive hypotheS|s L(h(E
h(L(E,))

Therefore, L(h(E)= h(L(E)

L(h(E,)) U L(h(E,)) —-- (1)
h(L(E,)) U h(L(Ey)) - (2)
))=h(L(E,)) and L(h(E,))=

1

E E.E, Think of a DFA based
- (E )* } Similar argument construction
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Given a DFA for L, how to convert it into an FA for h(L)?

FA Construction for h(L)

Replace every edge

“a” by
| a path labeled h(a)

in the new DFA

- Build a new FA that simulates h(a) for every symbol a transition in
the above DFA

- The resulting FA may or may not be a DFA, but V\wm_aézdﬁggﬂ%),m



Given a DFA for M, how to convert it into an FA for h™'(M)? The set of strings in > *
whose homomorphic translation

results in the strings of M

i Inverse homomorphism

« Leth:)--->T*
= Let M be a language over alphabet T

M) ={w |w € S*s.t., h(w) € M}
Cla/m If M is regular, then so is h™(M)

= Proof:
- Let A be a DFA for M
. Construct another DFA A’ which encodes h™'(M)

= A’ is an exact replica of A, except that its transition
functions are s.t. for any input symbol ain ), A’
will simulate h(a) in A.

- 3(p,a) = 8(p,h(a))
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Decision properties of regular

E languages

Any “decision problem” looks like this:

Ye
Input S
(generally
a question) \ NG

www.veerpreps.com




i Membership question

« Decision Problem: Given L, isw in L?
= Possible answers: Yes or No

« Approach:
1. Build a DFA for L
2. Input w to the DFA

5. |If the DFA ends in an accepting state,
then yes; otherwise no.
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Emptiness test

=« Decision Problem: Is L=@ ?

= Approach:
On a DFA for L.:

1. From the start state, run a reachability test, which
returns:

. success: if there is at least one final state that is
reachable from the start state

. failure: otherwise

2. L=@ if and only if the reachability test fails

How to implement the reachability test?
www.veerpreps.gom



Finiteness

=« Decision Problem: Is L finite or infinite?

« Approach:

On a DFA for L:
1. Remove all states unreachable from the start state

2. Remove all states that cannot lead to any accepting state.
5. After removal, check for cycles in the resulting FA
+. L is finite if there are no cycles; otherwise it is infinite

= Another approach
- Build a regular expression and look for Kleene closure

How to implement steps 2 and 37
www.veerpreps.gom



Finiteness test - examples

Ex 1) Is the language of thls DFA finite or |nf|n|te?

//\ 01// \l/z\ 01_(
FINITE
Nt
MO

©)
Ex 2) Is the language of this DFA finite or infinite?

<_\ 0,1
O’Tf/ 0 /\

o 0,1/ | "/"\ &L / INFINITE

www.veerpreps,gom



Equivalence & Minimization of

E DFAs
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i Applications of interest

« Comparing two DFAs:
. L(DFA,) == L(DFA,)?

= How to minimize a DFA?
1. Remove unreachable states
2. ldentify & condense equivalent states into one

www.veerpreps,com



When to call two states in a DFA
i “equivalent™?

Two states p and q are said to be
equivalent iff:

i Any string w accepted by starting at p is also accepted by
starting at q; :
w@

i) Any string w rejected by starting at p is also rejected by
starting at q.
™ O

www.veerpreps,gom
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Computing equivalent states
IN a DFA  TableFilling Algorithm

A
B
C
D
E
F
Pass #0 G
1. Mark accepting states # non-accepting states H
Pass #1
2. Compare every pair of states
3. Distinguish by one symbol transition
4. Mark = or # or blank(tbd)
Pass #
5. Compare every pair of states
6. Distinguish by up to two symbol transitions (until different or same or tbd)

_ _ www.veerpreps,gom
(keep repeating until table complete)



Table Filling Algorithm - step

ﬁ by step

A
B
C
D
E
F
G
H

ABCDEF|GH

www.veerpreps,gom



Table Filling Algorithm - step

ﬁ by step

0

0 (P 1 0

A
B
C
1 0 1
0 1 D
o 8®
N F X
0 G X
1. Mark X between accepting vs. non-accepting state H X
A|B|C|D|E|F|G|H

www.veerpreps,gom



Table Filling Algorithm - step

ﬁ by step

A
B
C
1 (
0 1 D
- EH®  E
V_’/ i
. G |X
1. Mark X between accepting vs. non-accepting state H X
2. Look 1- hop away for distinguishing states or strings AlBICID F | G |H

www.veerpreps,com



Table Filling Algorithm - step

ﬁ by step

A
B
C
1 (
0 1 D
- EH®  E
V_’/ i
. G|X|X
1. Mark X between accepting vs. non-accepting state H X
2. Look 1- hop away for distinguishing states or strings AlBICID F | G |H

www.veerpreps,gom



Table Filling Algorithm - step

ﬁ by step

A
B
C
1 WL
0 DX | X |X
1=‘1=3:0‘ E | X X |X
N T F X
’ G|X |X|X
1. Mark X between accepting vs. non-accepting state HIX X |=
2. Look 1- hop away for distinguishing states or strings AlBICID F |G H

www.veerpreps,gom



Table Filling Algorithm - step

ﬁ by step

A
B
C
1 1
0 DX X [X
1=‘1=3=0‘ E [X |X|X|X
- G|x|x[x]=
1. Mark X between accepting vs. non-accepting state HIX | X=X
2. Look 1- hop away for distinguishing states or strings AlBICID = |G H

www.veerpreps gom



Table Filling Algorithm - step

ﬁ by step

A
B
C
1 1
0 DX X [X
1=‘1=3=0‘ E [X |X|X
’ G|X |X|X X
1. Mark X between accepting vs. non-accepting state H|IX|X|= X
2. Look 1- hop away for distinguishing states or strings AlBI|C =

www.veerpreps Gom



Table Filling Algorithm - step

ﬁ by step

A
B
C
1 1
0 DX |X|X
1=‘1=3=0‘ E [X |X|X
. G |X X |X
1. Mark X between accepting vs. non-accepting state H|X X |= X
2. Look 1- hop away for distinguishing states or strings AlBI|C G

www.veerpreps.com



Table Filling Algorithm - step

A

B |[=

C X |X

DX X [X

E (X [ X [X

F XX |X

G| X |[X|X
1. Mark X between accepting vs. non-accepting state HIX X |=
2. Pass 1: AlB|C

Look 1- hop away for distinguishing states or strings

3. Pass 2:

Look 1-hop away again for distinguishing states or strings
continue....

www.veerpreps gom



Table Filling Algorithm - step

A
Bll=
C X
D X
E (X
F | X
G |X
1. Mark X between accepting vs. non-accepting state H X
2. Pass 1: A

Look 1- hop away for distinguishing states or strings
3. Pass 2:

Look 1-hop away again for distinguishing states or strings EQuivalences:
continue.... - A=B

e C=H
*D=G  www.veerpreps.gom




Table Filling Algorithm - step

* by step

Retrain only one copy for
each equivalence set of states

Equivalences:

- A=B

° C:H

*D=G  www.veerpreps.gom




Table Filling Algorithm —

*special case

A
B
C
D
E
F
G
H

ABCDEF|GH

www.veerpreps com



Putting it all together ...

i How to minimize a DFA?

« Goal: Minimize the number of states In
a DFA

=« Algorithm:

1. Eliminate states u@achable from the
start state ¢ filling algorithm

.. ldentify and remove equivalent states
5. Output the resultant DFA

Depth-first traversal from the start state

www.veerpreps.com



Are Two DFAs Equwalent?

Unified DFA DEA, .

1ls 9,=9,7
. if yes, then DFA1EDFA2
. else, not equiv.

1.  Make a new dummy DFA by just putting together both DFAs
2. Run table-filling algorithm on the unified DFA
3. IF the start states of both DFAs are found to be equivalent,
THEN: DFA.= DFA,
ELSE: different www.veerpreps.com



Summary

= How to prove languages are not regular?
- Pumping lemma & its applications

= Closure properties of regular languages

« Simplification of DFAs
= How to remove unreachable states?
= How to identify and collapse equivalent states?
« How to minimize a DFA?
- How to tell whether two DFAs are equivalent?

www.veerpreps gom



Regular Properties and Regular
Grammar

www.veerpreps.com



Equivalence of Two Finite Automata

Let M and M be two finite automata over £, We construct a comparison table
consisting of i + 1 columns. where n is the number of input symbaols. The first
column consists of pairs of vertices of the form (¢, ¢"), where ¢ € M and ¢
s M. If (g ¢') sppears in some row of the first column, then the
corresponding entry in the a-column (a € ) is (g, ¢.), where ¢, and ¢, are
reachable from ¢ and ¢, respectively on application of a (i.e. by a-paths).

The comparison table is constructed by starting with the pair of initial
vertices ¢, ¢ of M and M’ in the first column. The first elements in the
subsequent columns are (g, ¢,). where ¢, and ¢, are reachable by a-paths
from ¢, and g;,. We repeat the construction by considering the paurs in the
second and subseguent columns which are not in the first column.

The row-wise construction is repeated. There are two cases:

Case 1 If we reach a pair (¢. ¢") such that ¢ is a final state of M, and ¢’ is
a nonfinal state of M’ or vice versa. we terminate the construction and
conclude that M and M~ are not equivalent.

Case 2 Here the construction is termunated when no new element appears in
the second and subsequent columns which are not in the first column (i.e.

when all the elements in the second and subsequent coiumns appear in the first
column). In this case we conclude that M and M’ are equivalent.

www.veerpreps.com



TABLE 5.7 Comparison Table for Example 5.15

.—— . —— — -~

¢ q) {q- g2 {Gs. Qu)
(9. Qu) {G+. Ga) (G2 Gz
Gz, G:) Gz Qo) (G Qi)
(2. G} (2. g7 (G3. Ge)
(G2 Gr) {Qs- Gs) (q:. Qa)

www.veerpreps.com



EXAMPLE 2

TABLE 5.8 Comparison Table for Example 5.16

(q. 9) (Ge, Go) (Ga 93)
(1. Ga) (Q1. Ga) (2. gs)
{G2. Gs) (g3, G7) (Q1, Ts)

www.veerpreps.com



Pumping Lemma for Regular Language

Theorem 5.5 (Pumping Lemma) Let M = (Q, 2. 8, ¢go, F) be a finite
automaton with n states. Let L be the regular set accepted by M. Let w € L
and | w | 2 m. If m 2 n, then there exists x, ¥, z such that w = xyz, ¥y # A and
xy'= € L for each i 2 0.

www.veerpreps.com



Pumping Lemma for Regular Language

Proof  Let

W= Qs ...y, m2n

Mgy ayar ... a) = q; fori=1,2.....m Qi = {90 41 - -+ Gm}

That is, @, is the sequence of states in the path with path value w = qa> . . . a,,
As there are only n distinct states, at least two states i @, must coincide.
Among the various pairs of repeated states, we take the first pair. Let us take
them as ¢; and g {(q; = q;). Then j and k satisty the condition 0 < j < k < n.

The string w can be decomposed into three substrings @ya; . . . @;, @4y - ..
a; and @y ... a, Let x, y, £ denote these strings @@y ... a@; @y ... G,
(py) - - - Gy Tespectively. As k < n, |xv| € n and w = xyz. The path with the
path value w in the transition diagram of M is shown in Fig. 5.27.

The automaton M starts from the initial state gy On applying the string
x, 1t reaches ¢,(=q;). On applym0 the string y, it comes back to g{(= ¢q). So
after application of v' for each { = 0, the automa{on 1s in the same state G
On applying z. it reaches g,,, a final state. Hence. x3'z € L. As every state In

@, is obtained by applying an input symbol, y # A. |

4
o=y




Example

5.4 APPLICATION OF PUMPING LEMMA

This theorem can be used to prove that certain sets are not regular. We now
give the steps needed for proving that a given set is not regular.

Step 1 Assume that L is regular. Let n be the number of states in the
corresponding finite automaton.

Step 2 Choose a string w such that | w | = n. Use pumping lemma to write
w = xyz, with {xy| £ nand |v] > 0.

Step 3 Find a suitable integer i such that x3'z ¢ L. This contradicts our
assumption. Hence L is not regular.

Note: The crucial part of the procedure i ind / such that xy'z ¢ L. In

1S 10 1i
some cases we prove xv'z € L by considering | xv'z |. In some cases we may
have to use the ‘structure” of strings in L.

www.veerpreps.com



Example 1

Show that the set L = {&¢" | i2 1} is not regular.

Solution

Step 1 Suppose L is regular. Let n be the number of states in the finite
automaton accepting L.

-

Step 2 Let w = &". Then |w| = »° > n. By pumping lemma, we can write
w = xyz with x| < nand iyv| >0

Step 3 Consider xv-z. |xvz| = |x| + 2|v] + [z] > |x]| + |¥! + |z] as
|¥! > 0. This means n° = |xyz|= {x| + |¥] + |z] < |07z As |ov] S0,
we have [1v| < n. Therefore.
ozl = x|+ 2l +z| <+ n
1.6
> 3 3 o)
nmL I S+ n< e +un+n+l

Hence. | xv°z | strictly lies between #- and (n + 1)°, but is not equal to any
one of them. Thus | xv°z| is not a perfect square and so vv°z ¢ L. But by
pumping lemma. v~z € L. This is a contradiction.

www.veerpreps.com



Example 2

Show that L = {¢"|p is a prime} is not regular.

Solution

Step 1  We suppose L is regular. Let # be the number of states in the finite
automaton accepting L.

Step 2 Let p be a prime number greater than n. Let w = 4. By pumping
lemma. w can be written as w = xyz, with [xy| <nand |v| > 0. x ¥y z are
simply strings of «'s. So, v = ¢” for some m = | (and £ n).

Step 3 Leti=p+ L Then {xn'z| = |z + | =p+G-Dm=p+
pn. By pumping lemma. v’z € L But | xv'z | = p + pm = p(1 + m), and p(1
+ m) is not a prime. So xv'z € L. This is a contradicuon. Thus £ 1s not regular.

www.veerpreps.com



Example 3

Show that L = {0°i’|i > 1} is not regular.

Solution
Step 1 Suppose L is regular. Let n be the number of states in the finite
automaion acceptng L.
Step 2 Let w = 0"1". Then |w| = 2n > n. By pumping lemma, we write
w = xvz with |xv| < n and |y| # 0.
Step 3 We want to find 7 so that xv'z € L for getting a contradiction. The
string v can be in anv of the following forms:
Case 1 ¥ has 0’s. i.e. v = 0* for some k > 1.
Case 2 1y has only 1's. ie. y = 1! for some ! > 1.
Case 3 v has both 0's and ['s. ie. v = 0°V for some &, j > 1.
In Case 1, wecantake i = 0. As vz = 0"1". a2 = 0" 1". As k> 1. n —
k#n So, xze L
In Case 2. take i = 0. As before, x2is 0"1" and n #n -1 So. xz ¢ L.
In Case 3. take i = 2. As xvz = 0" 0 1177, xy"z = O O VOF 1™, As vz

is not of the form 0'l’, - € L.
Thus in all the cases we get a contradiction. Therefore, YW & gmﬁgps.com



Closure Properties of Regular Sets

In this section we discuss the closure properties of regular sets under (1) set
unton, (1) concatenation. {i11) closure (iteration), (iv) transpose. (v) set
imtersection. and (vi) complementation.

www.veerpreps.com



Closure Properties of Regular Sets

Theorem 5.6 If L is regular then L' is also regular.

Proof As L is regular by (vi1). given at the end of Section 5.2.7. we can
construct a finite automaton M = (0. X, d, gy F) such that T(M) = L.

We construct g transition system M~ by starting with the state diagram of
M, and reversing the direction of the directed edges. The set of ininal states
of M’ is defined as the set F, and ¢, is defined as the (only) final state of M’
fe. M* =40, Z, 0% E. {g})

If w € T(M). we have a path from ¢, to some final state in F with path
value w. By ‘reversing the edges’, we get a path in M’ from some final state
in F to go Its path value is w’. So w!’ € T(M’). In a similar way. we can
see that if w, € T(M’), then w/ & T(M). Thus from the state diagram it is
easy to see that (M) = T(M)'. We can prove rigorously that w € T(M) iff
w!l e T(M’) by induction on {w|. So T(M)" = T(M"). By (viii) of Section
7. T(M") is regular. ie. T{M)T is regular. |

s
\/'-
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Closure Properties of Regular Sets

Theorem 5.7 If L is a regular set over X. then X* — L i1s also regular over 2.

Proof As L 1s regular by (vii). given at the end of Section 5.2.7., we can
construct a DFA M = (Q, X. . gy F) accepting L, i.e. L = T(M).

We construct another DFA M = (Q, X. 6. g4 F") by defining F" = Q - F,
1.e. M and M’ differ only in their final states. A final state of M’ is a nonfinal
state of M and vice versa. The state diagrams of M and M” are the same except
for the final states.

w € T(M") if and only if 0{gy, w) € F' = Q - F, ie. iff w & L. This
preves 7MYy = 2% - X |

www.veerpreps.com



Closure Properties of Regular Sets

Theorem 5.8 If X and Y are regular sets over X, then X m Y is also regular
over X.

Proof By DeMorgan's law forsets. X n Y =% — (Z* - X) U (Z¥ - 1)). By
Theorem 5.7. 2* - X and I* — Y are regular. So. (Z* - X) U (Z* = Y) is
also regular. By applving Theorem 35.7. once again X% — (2% — X) U
(Z* - Y)) 1s regular. 1.e. X N Y is regular. 1

www.veerpreps.com



Classification of Grammar

Type Grammar Production rules
Type 0 unrestricted a—f3

Type 1 context-sensitive «AfS3 — a3

Type 2 context-free A-7

Type 3 regular A— aBor A— Ba

www.veerpreps.com



Chomsky Hierarchy

grammars (generators) automata (acceptors)

* more complex
* more powerful
* less restricted

recursively
enumerable

Turing
machine

context- linear bounded
sensitive automaton

context- push-down
free automaton

regular finite
grammar automaton

www.veerpreps.com



Languages, Automaton, Grammar,
Recognition

“Language

* Automaton

) Grammar

Recognition

Recursively
Enumerable
Languages

Context-
Sensitive
Languages

Context-
Free
Languages

Reqular
Languages

Turing Machine

H

Linear Bounded

¥

Pushdown
Stack

b

Finite-State
Automaton

s

Unrestricted

Baa— A

Context
Sensitive

At— aA

Context Free

S—gSc¢

Regular

A—> A

Undecidable

~

Exponential?

/ol

Polynomial

_

Linear

I —



Regular Set and Regular G

rammar

Regular grammar is a type of grammar that describes a
regular language. A regular grammar is a mathematical
object, G, which consists of four components, G = (N, E, P,

S), where
N: non-empty, finite set of non-terminal sym

bols,

E: a finite set of terminal symbols, or alphabet, symbols,
P: a set of grammar rules, each of one having one of the

forms

— A->xB

— A>X

— A<, Here E=empty string, A,B = N, x € >*
S & N is the start symbol.

www.veerpreps.com
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Regular Set and Regular Grammar

* This grammar can be of two forms:
— Right Linear Regular Grammar
— Left Linear Regular Grammar

www.veerpreps.com



Regular Set and Regular Grammar

* Right Linear Regular Grammar

— In this type of regular grammar, all the
non-terminals on the right-hand side exist at the
rightmost place, i.e; right ends.

* Examples :

— A—>a,A—>aB, A~> & where, AandB are
non-terminals, a is terminal, and & is empty
string

—S—>00B|115,B~>0B | 1B | O | 1 where, Sand B

are non-terminals, and 0 and 1 are terminals
www.veerpreps.com



Regular Set and Regular Grammar

* Left Linear Regular Grammar

— In this type of regular grammar, all the
non-terminals on the left-hand side exist at the
leftmost place, i.e; left ends.

* Examples :

— A—>a, A—>Ba, A~> & where, AandB are
non-terminals, a is terminal, and & is empty
string

—S—>B00|S11,B—>BO|B1|0| 1, whereSandB

are non-terminals, and 0 and 1 are terminals
www.veerpreps.com



Regular Set and Regular Grammar

e Left linear to Right Linear Regular Grammar

— In this type of conversion, we have to shift all the left-handed
non-terminals to right as shown in example given below:

e Left linear
— A->Ba,B->ab
* Right linear
— A ->abaB, B -> epsilon
OR
— A->abB,B->a
* So, this can be done to give multiple answers. Example

explained above have multiple answers other than the
given once.

www.veerpreps.com



Regular Set and Regular Grammar

* Right linear to Left Linear Regular Grammar

— In this type of conversion, we have to shift all the right-handed
non-terminals to left as shown in example given below:

* Right linear
— A->Ab,B->ab
e Leftlinear
— A ->Baba, B -> epsilon
OR
— A->BabB->a
* So, this can be done to give multiple answers. Example

explained above have multiple answers other than the
given once.

www.veerpreps.com



Regular Grammar and DFA

* Conversion of RLG to FA:
— Start from the first production.

— From every left alphabet (or variable) go to the
symbol followed by it.

— Start state: It will be the first production state.

— Final state: Take those states which end up with
terminals without further non-terminals.

www.veerpreps.com



Regular Grammar and DFA

 Example: The RLL grammar for Language(L), represents a set of all
strings which end with 0.
— A 0A/1A/0B,B~> €

* So the FA for corresponding to RLG can be found out as
Start with variable A and use its production.

— For production A -> 0A, this means after getting input symbol 0, the
transition will remain in the same state.

— For production, A > 1A, this means after getting input symbol 1, the
state transition will take place from State A to A.

— For production A > 0B, this means after getting input symbol O, the
state transition will take place from State A to B.

— For production B > &, this means there is no need for state transition.
This means it would be the final state in the corresponding FA as RHS is
terminal.

* So the final NFA for the corresponding RLG is 0,1

o) mreeeren O]
ww.veerpreps e




Regular Grammar and DFA

* Example: FA for accepting strings that start with b
a,b

(D)
* 2 ={a,b} Initial state(q,) = A Final state(F) = B
* The RLG corresponding to FA is
e A—>bB,B—> &/aB/bB
 The above grammar is RLG, which can be written directly

through FA. A A A
PA YO e
B

. | Z N & %

e wwweveerpreps.com




RLG To LLG

The above RLG can derive strings that start with b and after that
any input symbol(i.e. > ={a, b} can be accepted).
The regular language corresponding to RLG is

— L={b, ba, bb, baa, bab ,bba,bbb ..... }

If we reverse the above production of the above RLG, then we get

— A-Bb, B> &/Ba/Bb It derives the language that contains all the
strings which end with b.

— i.e.L'={b, bb, ab, aab, bab, abb, bbb .....}

So we can conclude that if we have FA that represents language L
and if we convert it, into RLG, which again represents

language L, but after reversing RLG we get LLG which represents
language L'(i.e. reverse of L).

www.veerpreps.com



RLG To LLG

* For converting the RLG into LLG for language L,
the following procedure needs to be followed:

— Step 1: Reverse the FA for language L
— Step 2: Write the RLG for it.

— Step 3: Reverse the right linear grammar. after this we
get the grammar that generates the language that
represents the LLG for the same language L.

Reverse Write Reverse

FA FA RLG LLG

' (L) (LR (LR R = L

www.veerpreps.com



RLG To LLG

Stepl: The reversal of FA is

O

Step 2: The corresponding RLG for this reversed FA is

— B~ aB/bB/bA, A~ €

Step 3: The reversing the above RLG we get

— B~ Ba/Bb/Ab A~ €

So this is LLG for language L( which represents all strings that start
with b).

— L={b, ba, bb, baa, bab ,bba, bbb ..... }

www.veerpreps.com



LLG To RLG

* Explanation: First convert the LLG which
represents the Language(L) to RLG, which
represents, the reversal of language L(i.e.L%)
then design FA corresponding to it(i.e. FA for
Language L® ). Then reverse the FA. Then the

final FA is FA for language L).

Reverse Reverse
RLG »FA » FA

LLG

(L) (LR (LR R =1
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LLG To RLG

Conversion of LLG to RLG: For example, the above grammar is
taken which represents language L(i.e. set of all strings that start
with b)

— The LLG for this grammar is B -> Ba/Bb/Ab, A > €

Step 1: Convert the LLG into FA(| e. the conversion procedure is

the same as above) _@

Step 2: Reverse the FA(i.e. initial state is converted into final state
and convert final state to |n|t|al state and reverse all edges)

o

Step 3: Write RLG corresponding to reve d FA.
— A~>bBB-aB/bB/<

www.veerpreps.com



Regular Expressions

Definitions
Equivalence to Finite Automata
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RE’s: Introduction

e Regular expressions are an algebraic
way to describe languages.

e They describe exactly the regular
languages.

e If E is a regular expression, then L(E) is
the language it defines.

e We'll describe RE’s and their languages
recursively.

wWww.veerpreps.com



RE’s: Definition

e Basis 1: If a is any symbol, then a is a
RE, and L(a) = {a}.
e Note: {a} is the language containing one
string, and that string is of length 1.

e Basis 2: ¢isa RE, and L(g) = {¢}.
e Basis 3: ¢is a RE, and L(¢) = ».
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RE’s: Definition — (2)

e Induction 1: If E, and E, are regular
expressions, then E,+E, is a regular
expression, and L(E,+E,) = L(E,)
UL(E,).

e Induction 2: If E, and E, are regular
expressions, then E E, is a regular
expression, and L(E,E,) = L(E,)L(E,).

v

Concatenation : the set of strings wx such that w
Isin L(E,) and x is in L(E,). Www.veerpreps.com



RE’s: Definition — (3)

e Induction 3: If E is a RE, then E* is a
RE, and L(E*) = (L(E))*.

/

Closure, or “Kleene closure” = set of strings
w,Ww,..w , for some n > 0, where each w. is
in L(E).

Note: when n=0, the string is «.
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Precedence of Operators

e Parentheses may be used wherever
needed to influence the grouping of
operators.

e Order of precedence is * (highest), then
concatenation, then + (lowest).

Www.veerpreps.com



 RE’s

e | (01) ={01}.
e L(01+0) = {01, 0}.
o L(0(1+0)) = {01, 00}.
e Note order of precedence of operators.
e L(0*) = {¢ 0, 00, 000,... }.
e L((0+10)*(e+1)) = all strings of 0’s
and 1's without two consecutive 1’s.
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Equivalence of RE's and
Automata

e We need to show that for every RE,
there is an automaton that accepts the
same language.

e Pick the most powerful automaton type: the
e-NFA.

e And we need to show that for every
automaton, there is a RE defining its
language.

e Pick the most restrictive type: the DFA.
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Converting a RE to an e-NFA

e Proof is an induction on the number of
operators (+, concatenation, *) in the
RE.

e We always construct an automaton of a
special form (next slide).
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Form of e-NFA’s Constructed

No arcs from

outside,
Start state: ?O i “Final” state:
Only state =eltlig Only state
with external with external
predecessors SUCCEeSSOrs
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RE to e-NFA: Basis

e Symbol a: () i @
® :: () 2 O
° o Q Q

wiw.veerpreps.com



RE to ¢-NFA: Induction 1 — Union

E, wdw.veerpreps.com



RE to e-NFA: Induction 2 —
Concatenation

() Forg, () °

For E.E,

www.veerpreps.com



For E*

— Closure
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DFA-to-RE

e A strange sort of induction.

e States of the DFA are assumed to be
1,2,...,n.

e We construct RE’s for the labels of
restricted sets of paths.

e Basis: single arcs or no arc at all.

e [nduction: paths that are allowed to
traverse next state in order.
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k-Paths

e A k-path is a path through the graph of
the DFA that goes no state
numbered higher than k.

e Endpoints are not restricted; they can
be any state.

wlw.veerpreps.com



: k-Paths

0-paths from 2 to 3:
RE for labels = 0.

1-paths from 2 to 3:
RE for labels = 0+11.

2-paths from 2 to 3:
RE for labels =
(10)*0+1(01)*1

3-paths from 2 to 3:
RE for labels 7

07
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k-Path Induction

o Let R * be the regular expression for the
set of labels of k-paths from state i to
state j.

e Basis: k=0. R 0 = sum of labels of arc
from i to j.

« 2 if no such arc.
e But add ¢ if i=j.
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0
°* R,

0
* R,

: Basis
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k-Path Inductive Case

e A k-path from i to j either:
1. Never goes through state k, or
2. Goes through k one or more times.

k — p k k- k- k-
Rij ) Rij L+ Rik 1(Rkk 1)* Rkj g

/e N\
_Goes from Then, from
Doesnt go ito k the K to ]
through k  first time Zero or
more times
from k to k
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[llustration of Induction

Path to k
Paths not going

through k From k to k
/ Several times P
/ @ —

—— From k
States < k to ]

wWw.veerpreps.com



Final Step

e The RE with the same language as the
DFA is the sum (union) of Rij”, where:

1. n is the number of states; i.e., paths are
unconstrained.

2. 1is the start state.
3. j is one of the final states.
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’ R 4 % "+ Ry Ry Ryy” =
Z(R )>|<
o R 2 (10)*0+1(01)*1
R 2 = 0(01)*(1+00) + 1(10)*(0+11)
g R233 = [(10)*0+1(01)*1]
[(0(01)*(1+00) + 1(10)*(0+11))]*
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Summary

e Each of the three types of automata
(DFA, NFA, e-NFA) we discussed, and
regular expressions as well, define
exactly the same set of languages: the
regular languages.
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Algebraic Laws for RE's

e Union and concatenation behave sort of
like addition and multiplication.

e + is commutative and associative;
concatenation is associative.

e Concatenation distributes over +.

e Exception: Concatenation is not
commutative.
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Identities and Annihilators

o 2is the identity for +.
e R+2=R.

e ¢ is the identity for concatenation.
e ctR =Re =R.

e ¢ is the annihilator for concatenation.
e :R =Ro = 2.
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Midterm | review

Reading: Chapters 1-4
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i Test Detalls

= In class, Wednesday, Feb. 25, 2015
3:10pm-4pm

« Comprehensive

=« Closed book, closed notes

www.veerpreps.com



i Syllabus

« Formal proofs

« Finite Automata
= NFA, DFA, e-NFA

= Regular expressions

= Regular languages & properties
- Pumping lemma for regular languages

www.veerpreps.gom



i Finite Automata

» Deterministic Finite Automata (DFA)
= The machine can exist in only one state at any
given time
« Non-deterministic Finite Automata (NFA)

= T'he machine can exist in multiple states at the
same time

= £-NFA is an NFA that allows g-transitions

=« What are their differences?
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Deterministic Finite Automata

= A DFA is defined by the 5-tuple:
- {Q,2,q,F. 8}

« [wo ways to define:
« State-diagram (preferred)
« State-transition table

« DFA construction checklist:
= Associate states with their meanings
« Capture all possible combinations/input scenarios
= break into cases & subcases wherever possible
= Are outgoing transitions defined for every symbol from every state?
= Are final/accepting states marked?

= Possibly, dead/error-states will have to be included depending on
the design.
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Non-deterministic Finite
Automata

= A NFA is defined by the 5-tuple:
- {Q,2,q,F. 8}

=« [Wwo ways to represent:
« State-diagram (preferred)
« State-transition table

= NFA construction checklist:
« Has at least one nondeterministic transition

« Capture only valid input transitions
= Can ignore invalid input symbol transitions (paths will die implicitly)

Outgoing transitions defined only for valid symbols from every state
= Are final/accepting states marked?
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NFA to DFA conversion

= Checklist for NFA to DFA conversion

« WO approaches:

- Enumerate all possible subsets, or

. Use lazy construction strategy (to save time)
Introduce subset states only as needed

- In your solutions, use the lazy construction procedure by
default unless specified otherwise.

= Any subset containing an accepting state is also
accepting in the DFA

« Have you made a special entry for @, the empty
subset?

- This will correspond to the dead/error state
Www.veerpreps.com




¢ -NFA to DFA conversion

= Checklist for € -NFA to DFA conversion

= First take ECLOSE(start state)
= New start state = ECLOSE(start state)
= Remember: ECLOSE(q) include g

« T hen convert to DFA:

= Use lazy construction strategy for introducing subset states only as
needed (same as NFA to DFA), but ...

= Only difference : take ECLOSE after transitions and also include those

states in the subset corresponding to your destination state.
E.g., if q_i goes to {q_j, g_k}, then your subset must be: ECLOSE(q_j) U ECLOSE(q_k)

= Again, check for a special entry for ® if needed
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i Regular Expressions

= A way to express accepting patterns

= Operators for Reg. Exp.
« (E), L(E+F), L(EF), L(E)..
= Reg. Language [1 Reg. Exp. (checklist):
= Capture all cases of valid input strings
= EXpress each case by a reg. exp.
= Combine all of them using the + operator
= Pay attention to operator precedence

= Iry to reuse previously built regular expressions

wherever possible
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Regular Expressions...

« DFA to Regular expression

Enumerate all paths from start to every final state

Generate regular expression for each segment, and
concatenate

Combine the reg. exp. for all each path using the + operator

« Reg. Expression to € -NFA conversion

Inside-to-outside construction

Start making states for every atomic unit of RE
Combine using: concatenation, + and * operators as
appropriate

For connecting adjacent parts, use ¢ -transitions
Remember to note down final states
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i Regular Expressions...

= Algebraic laws
= Commutative
= Associative
« Distributive
= ldentity
« Annihiliator
= ldempotent
= Involving Kleene closures (* operator)
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English description of lang.

« Finite automata [ english description
=« Regular expression [] english description

“English description” should be similar to how we have
been describing languages in class

- E.g., languages of strings over {a,b} that end in b; or

= Languages of binary strings that have 0 in its even
position, etc.

Thumbrule: the simpler the description is, the better.
However, make sure that the description should accurately
capture the language.
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Pumping Lemma

= Purpose: Regular or not? Verification technique
« Steps/Checklist for Pumping Lemma (in order):
1) Let N O pumping lemma constant

2y  Choose a template string w in L, such that |w|=N.
(Note: the string you choose should depend on N. And the choice of
your w will affect the rest of the proof. So select w judiciously.
Generally, a simple choice of w would be a good starting point. But if
that doesn’t work, then go for others.)

3) Now w should satisfy P/L, and therefore, all three conditions of the
lemma. Specifically, using conditions |xy|<N and y#¢, try to conclude
something about the property of the xy part and y part separately.

4) Next, use one of these two below strategies to arrive at the
conclusion of xy*z¢L (for some value of k):
= Pump down (k=0)

« Pump up (k >=2)
Note: arriving at a contradiction using either pumping up OR down
is sufficient. No need to show both.
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Working out pumping lemma based

proofs as a 2-player game:

« Steps (think of this 2-party game):

Good gquy (us)

Builds w using N

any particular value of N)

Bad guy (someone else)

T Claims L is regular |

(without assuming — => Knows N and has the freedom

to choose any value of N=1

Tries to break the third condition

of P/L without assuming any

particular {x,y,z} split

» this is done by first pumping down
(k=0)

« if that does not work, then try
pumping up (k=2)

Comes up with {x,y,z} combination,
s.t. w=xyz
_ (again, has the freedom to choose
any xyz split, but meeting

the two conditions of P/L:
l.e., |xy|<N and y#¢)
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-

GOOD LUCK!
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Not in syllabus for this Midterm |

i Reg. Lang. Properties

= Closed under:
« Union
= Intersection
« Complementation
= Set difference
= Reversal
= Homomorphism & inverse homomorphism

. Look at all DFA/NFA constructions for the
above
« EXxpect example questions
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Not in syllabus for this Midterm |

i Other Reg. Lang. Properties

« Membership question
« Emptiness test
= Reachability test

=« Finiteness test

= Remove states that are:
. Unreachable, or cannot lead to accepting

= Check for cycle in left-over graph
= Or the reg. expression approach

www.veerpreps.com



Not in syllabus for this Midterm |

i DFA minimization

« Steps:
« Remove unreachable states first
« Detect equivalent states

= Table-filing algorithm
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Not in syllabus for this Midterm |

* Other properties

« Are 2 DFAs equivalent?
= Application of table filling algo
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Context-Free Languages &
Grammars

g (CFLs & CFGs)

Reading: Chapter 5
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i Not all languages are regular

« S0 what happens to the languages
which are not regular?

« Can we still come up with a language
recognizer?

= i.e., something that will accept (or reject)
strings that belong (or do not belong) to the
language”?
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* Context-Free Languages

=« A language class larger than the class of regular
languages

= Supports natural, recursive notation called
“context-free grammar”

= Applications:

- Parse trees, compilers
= XML

Context-
free
(PDA/CFQG)
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An Example

« A palindrome is a word that reads identical from both
ends

= E.g., madam, redivider, malayalam, 010010010
« LetL={w |wis abinary palindrome}
« Is L regular?

= No.

- Proof:

. Let W=ON1 ON (assuming N to be the p/l constant)

. By Pumping lemma, w can be rewritten as xyz, such that xy*z is also L
(for any k=0)

- But [xy|=sN and y#¢

- ==>xy*z will NOT be in L for k=0
. ==> Contradiction
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But the language of

i palindromes...

is a CFL, because it supports recursive
substitution (in the form of a CFG)

= This is because we can construct a

‘grammar’” like this:
1, A==>c¢

Same as:
> A=>0A0|1A1]| 0|1 ]¢
Terminal

o A%
Variable or non-terminal

Productions [+ A ==> 0A0
5.  A==>1A1

How does this grammar work?
www.veerpreps.gom



How does the CFG for
palindromes work?

An input string belongs to the language (i.e.,
accepted) iff it can be generated by the CFG

G:

. Example: w=01110 A=>0A0|1A1]| 0|1]¢

=« G can generate w as follows:

Generating a string from a grammar:

. A =>0A0 1. Pick and choose a sequence

2 =>01A10 of productions that would

3. => 01110 allow us to generate the
string.

2. At every step, substitute one variable
with one of its productions.
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Context-Free Grammar:

* Definition

= A context-free grammar G=(V,T,P,S), where:

= V: set of variables or non-terminals
= 1:set of terminals (= alphabet U {g})
= P: set of productions, each of which is of the form
V==>a |aq,]..
- Where each a. is an arbitrary string of variables and
terminals

« S ==> gstart variable

CFG for the language of binary palindromes:
G=({A}{0,1},P,A)
P: A==>0A0|1A1]|0]1]c¢
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i More examples

= Parenthesis matching in code

= Syntax checking

= In scenarios where there is a general need
for:

Matching a symbol with another symbol, or

Matching a count of one symbol with that of
another symbol, or

Recursively substituting one symbol with a string
of other symbols

www.veerpreps.gom



i Example #2

=« Language of balanced paranthesis

e.g., QUOMUD))- -
« CFG?

G:
S=>(5)|SS|¢

How would you “interpret” the string “(((()))()())” using this grammar?
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* Example #3

« A grammar for L = {0™1" | m=2n}

« CFG? |a
S=>0S1]|A
A=> 0A|¢

How would you interpret the string “00000111”
using this grammar?
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Example #4

A program containing if-then(-else) statements
if Condition then Statement else Statement
(Or)
if Condition then Statement

CFG?
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i More examples

« L. ={0"[n20}
. L,={0" [ n21)
. L,={0"i2¢ | i=j or j=k, where ij,k20}
« L,={0"112"] i5j or i=k, where i,j,k=1}
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Applications of CFLs & CFGs

=« Compilers use parsers for syntactic checking

« Parsers can be expressed as CFGs

1. Balancing paranthesis:
B ==> BB | (B) | Statement
Statement ==> ...

2. If-then-else:

S ==> SS | if Condition then Statement else Statement | if Condition
then Statement | Statement

Condition ==> ...
Statement ==> ...

5. C paranthesis matching { ... }
+.  Pascal begin-end matching
5.  YACC (Yet Another Compiler-Compiler)
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i More applications

= Markup languages

= Nested Tag Matching
- HTML

<html> ...<p> ... <a href=...> ... </a> </p> ...
</html>

- XML

<PC> ... <MODEL> ... </MODEL> .. <RAM> ...
</RAM> ... </PC>
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* Tag-Markup Languages

Roll ==> <ROLL> Class Students </ROLL>
Class ==> <CLASS> Text </CLASS>

Text ==> Char Text | Char
Char==>a|b|...|z|A|B|..|Z
Students ==> Student Students | ¢

Student ==> <STUD> Text </STUD>

Here, the left hand side of each production denotes one non-terminals
(e.g., “Roll”, “Class”, etc.)

Those symbols on the right hand side for which no productions (i.e.,
substitutions) are defined are terminals (e.g., ‘a’, ‘b’, ', '<’, >’, “ROLL",

etc.) WWWw.veerpreps.con

n




Structure of a production

________________________________

The above is same as:

1 A ==> a,
2. A==> a,
3. A==> a,
K. A==> a,
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i CFG conventions

= lTerminal symbols <==a, b, c...

= Non-terminal symbols <== A,B,C, ...

= Terminal or non-terminal symbols <== XY ,Z
= lTerminal strings <==w, X, V, Z

= Arbitrary strings of terminals and

non-terminals <==aq, {3, v, ..
www.veerpreps.com



Syntactic Expressions in

i Programming Languages

result = a*b + score + 10 * distance + ¢

W

terminals variables Operators are also
terminals

Regular languages have only terminals
= Reg expression = [a-z][a-z0-1]*
- |If we allow only letters a & b, and 0 & 1 for

constants (for simplification)
- Regular expression = (a+b)(a+b+0+1)*
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‘1| String membership

How to say if a string belong to the language
defined by a CFG?

1. Derivation )
= Head to body

o Both ivalent f
2. Recursive inference ~  Both are equivalent forms

- Body to head I
Example: A=>0A0|1A1| 0|1]e¢
- w=01110 A = 010
. ) =>
- Iswa palindrome® > 01A10
=> 01110
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i Simple Expressions...

= We can write a CFG for accepting simple
expressions

. G=(V,T,P,S)
- V={EF}
« 1 ={0,1,a,b,+7%(,)}
« S ={E}
-« P:
. E==>E+E |E*E|(E)|F
. F==>aF |bF|OF |[1F |a|b| 0|1
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i Generalization of derivation

= Derivation is head ==> body

«  A==>X (A derives X in a single step)
= A==>*_ X (Aderives X in a multiple steps)

= Transitivity:
IFA ==>* B, and B ==>*_C, THEN A ==>*

c C
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i Context-Free Language

« The language of a CFG, G=(V,T,P,S),
denoted by L(G), is the set of terminal
strings that have a derivation from the
start variable S.

. LG)={winT*|S==>*_w}
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Left-most & Right- szi
Derivation Styles £ £ |E'E ()] F

F => aF | bF | OF | 1F |
Derive the string a*(ab+10) from G: | E ==>_ a*(ab+10)

————————————————————————————————————————————————————————————

==>E*E . l==>E*E
- §l==> F*E i il==> E * (E) i .
Iaef’F mt(')St- ot E . =—E*(E+E) | R|g_ht-most
erivation: s a*E . L==>E*@E+F) | |derivation:
il__> a E i §I==> E*(E+1F :
Always ==>a* EE)+ E) . h==>E* EE + 10)F) ; Always
substitute ==>a* (F +E) . Ww==>E*(E+10) | substitute
leftmost i.—-> a*@F+E) | w==>E*(F+10) | rightmost
variable ==>a”(@F+E) | w==>E*@ +10) | |ygriable
=>a*(ab+E) | W==>E*(abF+0)
§.--> a*(@+F) | ==>E*(ab+10)
==>a*(ab+1F) | h==>F*(ab+10)
.==>a*(ab+10F) | i==>aF *(ab+10)
;.--> a*(@+10) | lW==>a*(ab+10) |

S S S WWW.vVeerpreps.gom



Leftmost vs. Rightmost

i derivations

Q1) For every leftmost derivation, there is a rightmost
derivation, and vice versa. True or False?

True - will use parse trees to prove this
Q2) Does every word generated by a CFG have a
leftmost and a rightmost derivation?
Yes — easy to prove (reverse direction)

Q3) Could there be words which have more than one
leftmost (or rightmost) derivation?

Yes — depending on thsv%_rverpe%repsﬁom



How to prove that your CFGs

! are correct?

(using induction)
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i CFG & CFL %paé;>OAO|1A1|O|1|a

« Theorem: A string w in (0+1)* is in
L(Gpal), if and only if, w is a palindrome.

= Proof:

« Use induction

. on string length for the IF part
- On length of derivation for the ONLY IF part

www.veerpreps.£om



E Parse trees
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Parse Trees

=« Each CFG can be represented using a parse tree:
- Each internal node is labeled by a variable in V
= Each |eaf is terminal symbol

- For a production, A==>X, X .. X, then any internal node
labeled A has k children WhICh are labeled from X, X,,... X,
from left to right

Parse tree for production and all other subsequent productions:

A==>X_X.X A

X, o XX
/\ /\ /\ wWW.veerpreps gom




Examples

E
SN 31
/AR ANEN 8| 0 A 0

F F c N =

/ / O 1 A 1 O

a 1 % | \ ©

\ = >

\ 3 £ 5
&) ()|

; Parse tree for 07110
Parse tree fora + 1
G.

G: G:
E=>E+E|E*E|(E)|F A=>0A0|1A1]| O|1]¢
F=>aF |bF|OF|[1F|0]|1]a]|b WWW.veerpreps.gom



Parse Trees, Derivations, and

* Recursive Inferences

Production:
A A ==> X1..Xi..Xk
X, ... X X

Recursive
inference
Derivation

Left-most _— Parse tree

/ derivation / \

Derivation _ Right-most

L Recursive
derivation .
inference
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Interchangeability of different

i CFG representations
« Parse tree ==> |eft-most derivation
. DFS left to right /m\

= Parse tree ==> right-most derivation
= DFS right to left /\
« ==> |eft-most derivation == right-mos m“\

derivation

« Derivation ==> Recursive inference
= Reverse the order of productions

« Recursive inference ==> Parse trees
= bottom-up traversal of parse tree
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Connection between CFLs

E and RLs
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What kind of grammars result for regular languages?

* CFLs & Regular Languages

« A CFG is said to be right-linear if all the
productions are one of the following two
forms: A ==>wB (or) A ==>w

Where:
* A & B are variables,
* W is a string of terminals

« Theorem 1: Every right-linear CFG generates
a regular language

« Theorem 2: Every regular language has a
right-linear grammar

« Theorem 3: Left-linear CFGs also represent
RLs

www.veerpreps.gom



1

Right linear CFG?

0,1

Some Examples

Right linear CFG?

0A =>01B|C
B=>11B|0C | 1A
C=>1A|0] 1

Finite Automaton?
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E Ambiguity in CFGs and CFLs
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i Ambiguity in CFGs

« A CFG is said to be ambiguous if there
exists a string which has more than one
left-most derivation

Example:
S==>AS|¢ LM derivation #1: LM derivation #2:
== S =>AS S =>AS
A ==>A1|0A1 |01
| | => 0A1S => A1S
=>0A11S => 0A11S
=>00111S =>00111S
Input string: 00111 => 00111 => 00111

Can be derived in two ways
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Why does ambiguity matter?

. Values are
E==>E+E|E"E[(E)[alb]c]O]1 different !I
string=a*b +c

E
* LM derivation #1: / ‘ \
‘E=>E+E=>E*E+E =) E 4 E == (a*b)+c
==>*g*b+c /|\ \
E° * E c
/ |
a b
E
« LM derivation #2 / ‘ S~
oE=>E*E=>a*E=> E . E a*b+C
a*E+E==>*a*b+C ‘ / /|\~ ( )
a E + E
The calculated value depends on which tl c|;

of the two parse trees is actually used.
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Removing Ambiguity in

i Expression Evaluations

« It MAY be possible to remove ambiguity for
some CFLs

- E.g.,, in a CFG for expression evaluation by
imposing rules & restrictions such as precedence

= This would imply rewrite of the grammar

Modified unambiguous version:

= Precedence: (), *, + E=>E+T|T
T=>T*F|F
F=>1](E)
|=>a|b|c|0]|1
Ambiguous version: How will this avoid ambiguity?

E==>E+E|E*E|(E)|a|b|c|O0]1 www.veerpreps.gom



i Inherently Ambiguous CFLs

=« However, for some languages, it may not be
possible to remove ambiguity

« A CFL is said to be inherently ambiguous if
every CFG that describes it is ambiguous

Example:
- L={ab"c"d™ | n,m=1} U {a"b™c™d" | n,m= 1}
= L is inherently ambiguous
= Why?

Input string: a"b"c"d"
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i Summary

=« Context-free grammars
« Context-free languages

=« Productions, derivations, recursive inference,
parse trees

« Left-most & right-most derivations
= Ambiguous grammars

= Removing ambiguity

« CFL/CFG applications

= parsers, markup languages
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! Pushdown Automata (PDA)

Reading: Chapter 6
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* PDA - the automata for CFLs

= What is?
- FAto ReglLang, PDAIisto CFL

« PDA ==[¢-NFA + "a stack” |
= Why a stack?

Input -— Accept/reject
string [

A stack filled with “stack symbols”
www.veerpreps.com




Pushdown Automata -

* Definition

. APDAP:=(Q,5.T,5,,,Z,F ):

« Q:
>:

T NL o T

llo )

states of the e-NFA
iInput alphabet

stack symbols
transition function
start state

Initial stack top symbol
Final/accepting states
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old state  input symb. Stacktop €W state(s)new Stack top(s)

O: Qx>Yx I ==>QxTl
O : The Transition Function

6(a,a,X) = {(p,Y), ...}

state transition from q to p

a is the next input symbol a X _ Y
X is the current stack top symbol H

Y is the replacement for X;

itis in ™ (a string of stack
symbols) I T

] SetY =¢for: Pop(X) i) Y=¢ Pop(X)
i If Y=X: stack top is unchanged i) v=X Pop(X)
i IfY=2.7,..2: Xis popped Push(X)
and is replaced by Y in
reverse order (i.e., Z, will be iii) Y=2.Z2,.Z Pop(X)
the new stack top) Push(Z,)
Push(Z,_,)
Push(Z,)
Push(Z,)

www.veerpreps.gom



i Example

LetL = {ww®|wisin (0+1)*}
« CFGforlL S==>0S0]|1S1|¢
« PDAforL

r

. P:=(QY,T,50q,Z,F)

= ({9, 9, 9,1:10,1},{0,1,2,},0,9,,Z,.{q,})

www.veerpreps.gom



10.
11.

12.

PDA for L

0(qp, 1, £y)={(0g:1£,);

6(9,,0, 0)={(q,,00)}
6(9,,0, 1)={(q,,01)}
(9.1, 0)={(q,,10)}
6(qp. 1, 1)={(a, 11)}

6(q,. € 0)={(q;, 0)}
(9. € 1)={(q;, 1)}
0(Qp, € Zp)={(ay, £y

5(a,.0, 0)={(a,, &)}
5(a,.1, 1)={(,, &)} }

6(q1! g, Zo)={(q2’ Zo)} }

Initial state of the PDA:

Stack “

top——-
P2z,

First symbol push on stack

Grow the stack by pushing
new symbols on top of old
(w-part)

Switch to popping mode, nondeterministically
(boundary between w and wR)

Shrink the stack by popping matching
symbols (wR-part)

Enter acceptance state
www.veerpreps.gom



PDA as a state diagram

5(q,a, X)={(q,Y)}

Next Current || Stack
input stack Top

Current | | symbol || top Replacement
state . N (w/ string Y)
) \\‘a,; / Y Next

® @ su

i J

www.veerpreps.com



PDA for L Transition Diagram

Grow stack > ={0, 1}
0, Z,/0Z, I'={Z,,0,1}
1,2,/1Z, Pop stack for Q=1{q.9,.9.}
8' ‘1);8‘1) matching symbols L
1,010 0,0/¢
1, 1/11 1,1/ €
£, Zo/Z, l €, Z,)/Z, ? £ 2,/Z, @
£, 0/0
£, 1/1 Go to acceptance
Switch to

popping mode

This would be a non-deterministic PDA www.veerpreps.gom




Example 2: language of

* balanced paranthesis

Pop stack for >={()}
Grow stack matching symbols I'={Z,, (}
Q ={q,,9,,9,}
,Z/(Z
(O ). (/e
o . ®
S’Z/Z, ), (/ aZ/z©

00 ’ € »<=0" <0
W Go to acceptance (by final state)
Switch to when you see the stack bottom symbc

popping mode E (Z /(((

To allow adjacent
blocks of nested pAfathEsfEPreps.gom



Example 2: language of balanced
* paranthesis (another design)

2={()}
=1{Zy (}
/€ Q={q0,q1}

N
o

www.veerpreps.gom



PDA’s Instantaneous
Description (ID)

A PDA has a configuration at any given instance:
(q,w,y)
= ( - current state
= W - remainder of the input (i.e., unconsumed part)

= Y - current stack contents as a string from top to bottom
of stack

If &(qg,a, X)={(p, A)} is a transition, then the following are also true:

= (q7 a, X ) |'" (p,ﬁ,A)
= (g, aw, XB) |--- (p,w,AB)

[--- sign is called a "turnstile notation” and represents
one move

---* sign represents a sequence of moves

www.veerpreps.com



How does the PDA for L
work on input “111177

All moves made by the non-deterministic PDA

Path dies...

Path dies...
(qo,11,11ZO) , ,

|

(9y,€,1111Z,) (9,,1,1112,) (9,,1,1Z,) Acceptanc_:e by
l l l final state.
(a,, &,1111Z,) (a,, £,11Z,) (q1£ £,2,) = empty input
- AND
- Path dies... ,
Path dies... (q c7 ) J final state
2 &%www.veerpreps.com



i Principles about IDs

« Theorem 1: If for a PDA,
(q, x, A) |---" (p, vy, B), then for any string
wE Y*andy € I'*, itis also true that:

= (q’ XW, A Y) |"_* (p’ y w, B Y)

« Theorem 2: If for a PDA,
(9, x w, A) |---* (p, y w, B), then it is also true
that:

= (q’ X, A) |"_* (p5 Y, B)

www.veerpreps.gom



There are two types of PDAs that one can design:
those that accept by final state or by empty stack

i Acceptance by...

=« PDAS that accept by final state:

= Fora PDA P, the language accepted by P,
denoted by L(P) by final state, is:  checkiist:

- {w|(gw,Z,) [---"(q.e,A) },st,gEF - input exhausted?
- in a final state?

« PDAS that accept by empty stack:

= For a PDA P, the language accepted by P,
denoted by N(P) by empty stack, is:
- {w|(q,w,Z,)|---"(q, ¢, ¢)} forany g € Q.

Q) Does a PDA that accepts by empty stack Checklist: ] .
. . . . ? = I
need any final state specified in the design ] i%ﬁ%@?sﬁom




Example: L of balanced

parenthesis

PDA that accepts by final state

I:,F: ’Zo/(zo
(7 ((

(/¢

start O. £’Zo/zo.
£2, 2, 6 @

N AN N

An equivalent PDA that

accepts by empty stack
(,Z,/ ( Z,
PN: G/ ((
), (/€

a,ZOI €

start O
s,ZO/ Zo ;

How will these two PDAs work on the input: ((()) M()e erpreps.com



PDA for L : Proof of

WwWWwW
i correctness

« Theorem: The PDAfor L accepts a string x
by final state if and only it X is of the form
wwR,

» Proof:

. (if-part) If the string is of the form wwR then there
exists a sequence of IDs that leads to a final state:
(qO’WWR’Z ) |"'* (qO’WR’WZO) |"'* (q1’WR’WZO) |'"*
(q1’ 8’Z()) T"'* (qz’ 8’Z())

= (only-if part)

- Proof by induction on |x|

www.veerpreps.gom



PDAs accepting by final state and empty
* stack are equivalent

« P <=PDA accepting by final state
+ Pe=(Qu3 T, 8,02 F)
« P, <= PDA accepting by empty stack
- Py =(Q.2.T,9,49,Z,)
« lheorem:
- (P,==>P.) Forevery P, there exists a P_ s.t. L(P.)=L(P)

- (P.==>P,) For every P_, there exists a P s.t. L(P.)=L(P,)

www.veerpreps.com



How to convert an empty stack PDA into a final state PDA?

i PN==> PF construction

= Whenever P's stack becomes empty, make P_ go to
a final state without consuming any addition symbol

= 10 detect empty stack in PN; PF pushes a new stack
symbol X, (notin [ of P, ) initially before simultating

~

___________________________________

P =(Qy U{pypt 2. I U{Xy} O, Py Xy, {Pg) www.veerpreps.gom



J)

Example: Matching parenthesis “(” “)

PN: ( {qo}! {(’)}’ {ZO’Z1}’ 6N’ qoa Zo) E Pf: ( {pO’qO ’pf}’ {(’)}’ {XO’ZO’Z1}’ 6f’ pO’ XO , pf)
6N: 6N(qo’(1zo) = { (qo’z1zo) } 6f 6f(pO’ a’XO) = { (qO’ZO) }
6N(qo’(1z1) = { (qo’ Z1Z1) } ngqO’E’gog = E EqO’ZZ1 éo))}}
-_ q T\ = q ’
O\(dg:):Zy) ={(ap €) } 6:(q2,),z1) - { (qg, £}
O\(dy: €.2Zp) ={(ap €)} (A, €.Z,) = {(dy €) }
0Py €Xy) ={ (Pp X;) }
(22,2,
(2,22,
)2,/ €
€,Z/¢

Accept by empty stack Accept by finalalateerpreps.gom




How to convert an final state PDA into an empty stack PDA?

S==> PN construction

« Main idea:

-  Whenever P_ reaches a final state, just make an € -transition into a
new end state, clear out the stack and accept

- Danger: What if P_ design is such that it clears the stack midway
without entering a final state?

] to address this, add a new start symbol X0 (not in [ of PF)

P,=(QU{p,pt ¥, I U{X} 8 py X,)

New £, XJZiX, & anyle - €, any/ €
- i - i

___________________________________

www.veerpreps.gom



Equivalence of PDAs and

E CFGs

www.veerpreps.com



ﬁCFGs == PDAs ==> CFLs

www.veerpreps.£om



This is same as: “implementing a CFG using a PDA”

Converting CFG to PDA

Main idea: The PDA simulates the leftmost derivation on a given

w, and upon consuming it fully it either arrives at acceptance (by
empty stack) or non-acceptance.

accept

INPUT
OUTPUT

reject

l implements

CFG

www.veerpreps.gom



This is same as: “implementing a CFG using a PDA”

Converting a CFG into a PDA

Main idea: The PDA simulates the leftmost derivation on a given w,
and upon consuming it fully it either arrives at acceptance (by
empty stack) or non-acceptance.

Steps:

> Push the right hand side of the production onto the stack,
with leftmost symbol at the stack top

2. If stack top is the leftmost variable, then replace it by all its
productions (each possible substitution will represent a
distinct path taken by the non-deterministic PDA)

&= 3 [If stack top has a terminal symbol, and if it matches with the
next symbol in the input string, then pop it

State is inconsequential (only one state is needed)

www.veerpreps.gom



Formal construction of PDA

fro m C F G Note: Initial stack symbol (S)
/ same as the start variable

in the grammar

« Given: G= (V,T,P,S) |
« Qutput: P =({q}, T,VUT,D9,q,S)
= O:
Sefore . Forall A € V, add the following Afte:
8 transition(s) in the PDA: e

- 0(q, £,A)={(q, a) | "A==>a" € P}

Before:  » FOrall a € T, add the following
—a transition(s) in the PDA:

" 6(q,a,a)= { (q’ & ) } I

www.veerpreps.gom




Example: CFG to PDA
i -

« G=({S,A}, {0,1}, P, S)
« P:

. A==>0A1|A1]01

= PDA = ({q}, {0,1}, {0,1,A,S}, 0, q, S)\

1,1/ ¢
0,0/¢
g,A/01
A/ A1
g,A/ 0A1
£S/¢
£,S/AS

£S/S

= O
» 0(0,¢,S)={(q, AS), (q, ¢)}
0(Q, e, A) =1(q,0A1), (q,A1), (q,01) }
6(q,0,0)={(q,¢)}
(g, 1,1)={(qg, )} How will this new PDA work?

Lets simulate string 0011

www.vee

Feps.gom



Simulating string 0011 on the

new PDA ...

Leftmost deriv.:

1,1/¢

oA/ 01 S=>AS
A => 0A1S
£S/e => 001 18
£,S/AS = 0011

£S/S

o

— 0 —1 0
Al — A 1] —1 1
A 1 1 1 1
—1 S S S S S S
0 0
IV A g
S =>AS =>0A1S =>0011S

1 Accept by
s| —Is
— empty stack
1 1 €
S —
=> 0011

www.veerpreps.£om



Proof of correctness for CFG ==> PDA
i construction

= Claim: A string is accepted by G iff it is
accepted (by empty stack) by the PDA
=« Proof:
= (only-if part)

Prove by induction on the number of derivation steps

= (if part)

If (9, wx, S) |- (9,x,B) then S =>" _wB

www.veerpreps.gom



* Converting a PDA into a CFG

= Main idea: Reverse engineer the
productions from transitions
If 0(q,a,Z2) => (p, Y, Y, Y,...Y,):

State is changed from q to p;
Terminal a is consumed;

Stack top symbol Z is popped and replaced with a
sequence of k variables.

= Action: Create a grammar variable called

“[aZp]” which includes the following
production:

[aZp] => a[pY.q,] [q,Y.q.] [9,Y,4.]--- [q, ,Y,q,]

= Proof discussion (in the book) www.veerpreps.gom



Example: Bracket matching

= [0 avoid confusion, we will use b="(" and e=")"

Py ({ag} {b.e}, {Z,,Z,}. 8, a9, Z,) 0. S=—[aZal
’ 0—0"0
= I— L [9,£,9,] => b [9,Z,9,] [9,Z,9,]
R B R 6,263) > bla,2.3) 1920
. Jo. =>e
4. 80, €.Z)={(@,€)} — | L Oi :
Let A=[q,Z,9,] Simplifying,

Let B=[q,Z,9,]

' If you were to directly write a CFG: 0. S=>bBS]| E

0. S=>A
=>
1 A=>DbBA 1. B bBB]|e
S=>bSeS| & 2. B=>bBB
____________________________________ 3. B=>¢e
4. A=>¢E

www.veerpreps.gom



Two ways to build a CFG

Build a PDA Construct (indirect)

/ CFG from PDA
\ Derive CFG directly (direct)

Similarly... Two ways to build a PDA
Derive a CFG— . Construct

/ PDA from CFG (indirect)

Design a PDA directly (direct)

www.veerpreps.gom



E Deterministic PDAs

www.veerpreps.com



This PDA for war IS hon-deterministic

Grow stack 0 7 /07 Why does it have to
1,217, Pop stack for be o
8: (1);8(1) matching symbols non-deterministic?
1,0/10 0,0/ €
1, 1/11 1 1€
\o) g ZJZ, w €2/Z,
g, 0/0
g, 11 Accepts by final state
Switch to To remove
popping mode guessing,

Impose the user
to insert c in the
midWNww.veerpre

£om




Example shows that: Nondeterministic PDAs # D-PDAs

D-PDAfor L = {wcw" | cis some
special symbol not in w}

Note:
G tack « all transitions have
[ Sl 0 7 /07 Pop stack for become deterministic
’ 0 0 .

1,212, matching symbols

0, 0/00

0, 1/01 0,0/ €

1, 0/10

1,1/ &€

@ 0 9

c, 0/0
¢ 11 Accepts by
Switch to final state

popping mode

www.veerpreps.gom



i Deterministic PDA: Definition

A PDA is deterministic if and only if:

1. 0(q,a,X) has at most one member for any
a€ ) U{eg

1 1f 8(q,a,X) is non-empty for some a€ ),
then 6(q, €,X) must be empty.

www.veerpreps.gom



PDA vs DPDA vs Regular

* languages

Reﬁular
lang éBQéA‘

non-deterministic PDA

www.veerpreps.gom



i Summary

= PDAs for CFLs and CFGs

= Non-deterministic
« Deterministic

= PDA acceptance types
1. By final state
2. By empty stack

= PDA
= |Ds, Transition diagram

« Equivalence of CFG and PDA
= CFG => PDA construction
= PDA => CFG construction

www.veerpreps.gom



Properties of Context-free

g Languages

Reading: Chapter 7

www.veerpreps.com



i Topics

1) Simplifying CFGs, Normal forms
2)  Pumping lemma for CFLs

3)  Closure and decision properties of
CFLs

www.veerpreps.com



E How to “simplify” CFGs?

www.veerpreps.com



* Three ways to simplify/clean a CFG

(clean)
1. Eliminate useless symbols

(simplify)
».  Eliminate g-productions AMS ¢
3. Eliminate unit productions AYS B

www.veerpreps.gom



E Eliminating useless symbols

Grammar cleanup

www.veerpreps.com



Eliminating useless symbols

A symbol X is reachable if there exists:
SITaXp

A symbol X is generating if there exists:
X 0w,
forsomew € T*

For a symbol X to be “useful’, it has to be both
reachable and generating

S 1" aXB ' w,forsomew € T*

reachable generating

www.veerpreps.gom



Algorithm to detect useless
symbols

1. First, eliminate all symbols that are not
generating

2. Next, eliminate all symbols that are not
reachable

Is the order of these steps important,
or can we switch?

www.veerpreps.com



Example: Useless symbols

SUAB | a
Al b

o

A, S are generating
B is not generating (and therefore B is useless)
==> Eliminating B... (i.e., remove all productions that involve B)

1.
2.

1.

Sila
Allb

Now, A is not reachable and therefore is useless

Simplified G
Slla

What would happen if you reverse the order:
l.e., test reachability before generating?

Will fail to remove:
Allb

WWW

-veerpreps.gom



X I'w

i Algorithm to find all generating symbols

« Given: G=(V,T,P,S)
« Basis:

= Every symbol in T is obviously generating.
= Induction:

= Suppose for a production AJ a, where a is
generating

= Then, A s also generating

www.veerpreps.gom



S aXp

i Algorithm to find all reachable symbols

« Given: G=(V,T,P,S)
« Basis:

= S is obviously reachable (from itself)
= Induction:

= Suppose for a production Al] a, a,... a
where A Is reachable

= Then, all symbols on the right hand side,
{a,,q,,...0 }are also reachable.

k’

www.veerpreps.gom



E Eliminating e-productions

A=>c¢

X

www.veerpreps.com



What's the point of removing e-productions?

Alle
Eliminating e-productions

Caveat: It is not possible to eliminate €-productions for
languages which include € in their word set

So we will target the grammar for the rest of the language

Theorem: If G=(V,T,P,S) is a CFG for a language L,
then L\ {€} has a CFG without €-productions

Definition: A is “nullable” if AL1* €

= If Ais nullable, then any production of the form
“BJ CAD” can be simulated by:

. B (1 CD|CAD

This can allow us to remove ¢ transitions for A

www.veerpreps.com



Algorithm to detect all nullable
variables

=« Basis:

« If AlJ € is a production in G, then Ais
nullable
(note: A can still have other productions)

« Induction:

= If there is a production B(1 C.C.,...C,,
where every C. is nullable, then B is also
nullable

www.veerpreps.gom



Eliminating e-productions

Given: G=(V,T,P,S)

Algorithm:
1. Detect all nullable variables in G

2. Then construct G,=(V,T,P,,S) as follows:

For each production of the form: ADX1X ...Xk, where
k=1, suppose m out of the k X’s are nulf ble symbols

Then G, will have 2™ versions for this production
i.e, all combinations where each X is either present or absent

Alternatively, if a production is of the form: Allg, then
remove it

www.veerpreps.gom



Example: Eliminating
g-productions

’ Let L be the language represented by the following CFG G:
i STJAB
i AllaAA | €
i BbBB | €

Simplified
grammar
Goal: To construct G1, which is the grammar for L-{€}

g Nullable symbols:  {A, B} .

’ G, can be constructed from G as foIIows G,
. BOb|bB|bB|bBB . | SIA|B|AB
. ==> BUb|bB|bBB |+ AlalaA|aAA
: Similarly, A a|aA]|aAA . |+ BIb|bB|bBB
. Similarly, S [ A|B|AB | +
: Note: L(G) = L(G,) U {&} |+ Sile

WWW. veerpreps.gom



Eliminating unit productions

A =>B — B has to be a variable

’ _ _ : ” 5
What's the point of removing unit transitions Will save #substitutions

E.g.|aA=>B | ... A=>xxx | yyy | zzz | ...
B=>C| ... :'> B=>xxx|yyy|zzz| ...
C=>D] ... C=>xxx|yyy|zzz]| ...
D=>xxx | yyy | zzz D=>xxx | yyy | zzz

before after www.veerpreps.com



AllB
Eliminating unit productions

. Unit production is one which is of the form All B, where both A & B
are variables

! E.g.,
. ET|E+T
. TOF|TF
. FOI|(E)
. lalblla]ib|10] 11
. How to eliminate unit productions?

. Replace ELI TwithE U F | T*F

. Then, upon recursive application wherever there is a unit production:
ECF|TF|E+T (substituting for T)
ECI(E) | T'F| E+T (substituting for F)
ECal|blla|ib|I0|11]|(E)|TF|E+T (substituting for I)
Now, E has no unit productions

. Similarly, eliminate for the remainder of the unit productions

www.veerpreps.com



The Unit Pair Algorithm:
to remove unit productions

= Suppose AlIB, [IB, [T ... [1B [T a

= Action: Replace all intermediate productions to produce a
directly

« e, Alla; B1D a; ... Bn O a;

Definition: (A,B) to be a “unit pair” if AL'B

=« We can find all unit pairs inductively:

- Basis: Every pair (A,A) is a unit pair (by definition). Similarly, if AL/B
is a production, then (A,B) is a unit pair.

- Induction: If (A,B) and (B,C) are unit pairs, and ALIC is also a unit
pair.

www.veerpreps.gom



The Unit Pair Algorithm:
to remove unit productions

Input: G=(V,T,P,S)

Goal: to build G.=(V,T,P.,S) devoid of unit
productions

Algorithm:

1. Find all unit pairs in G
2. For each unit pair (A,B) in G:

1. Add to P, a new production AlJa, for every
Bl la which is a non-unit production

2. If a resulting production is already there in P,
then there is no need to add it.

www.veerpreps.gom



G .

_4_;

BN =

Example: eliminating unit

G

1. EOT|E+L

2 TOF|TF

3 F OB e
4 | ta|b]Ta]lb|10] 1

_________________________

EOE+T|T*F|(E)|alb]|la|lb]I0]I1
TOTF|(E)|alb]|la|lb]I0]I1

FO(E)|alb|lallb[10]I1
|albllallb]10] 1

productions

__________ Ql_‘l_i_t_gairs Only non-unit
____________________ productions to be
T added to P
7 () EE+T )
$4>(ET) E T
‘ (E.F) EL(B)
(E.I) EapbllajIb]10[11
(T.T) TOTFE
(T.F) T 11 (E)
(T,1) Toalbllallb|10] 11
(F.F) F (1 (E)
<3 (F.I) Filalblla|lb|10]11
(L1) | Jalb|la|lb|10]I1

WWW.VEerpreps.com
20



Putting all this together...

« Theorem: If Gis a CFG for a language that
contains at least one string other than ¢, then there
is another CFG G, such that L(G,)=L(G) - ¢, and

G, has:
no € -productions
no unit productions
no useless symbols

= Algorithm:
Step 1) eliminate € -productions
Step 2) eliminate unit productions
Step 3) eliminate useless symbols

Again,
the order is
important!

Why?

www.veerpreps.gom



E Normal Forms
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i Why normal forms?

= If all productions of the grammar could be
expressed in the same form(s), then:

.. It becomes easy to design algorithms that use
the grammar

. It becomes easy to show proofs and properties

www.veerpreps.gom



i Chomsky Normal Form (CNF)

Let G be a CFG for some L-{¢}

Definition:

\\ .

G is said to be in Chomsky Normal Form if all
its productions are in one of the following

two forms:
A BC where A,B,C are variables, or
Alla where a is a terminal

G has no useless symbols
G has no unit productions
G has no g-productions

~

www.veergnaps/ﬁom




CNF checklist

Is this grammar in CNF?

1 ECE+T|T*F|(E)|la|lb]|10 |1
2. TOTFI|E)|lallb]l0]|H

3. FO@E)|lallb|lo]1

4 |Talb|lalib|l0]I1

Checklist:

* G has no e-productions v
* G has no unit productions v
* G has no useless symbols

* But...
 the normal form for productions is violated

m===>  So, the grammar is not in CNF
WWW.veerpreps.gom



How to convert a G into CNF?

. Assumption: G has no e-productions, unit productions or useless
symbols

1) For every terminal a that appears in the body of a production:
] create a unique variable, say X_, with a production X_ [’ a, and
i replace all other instances of a in G by X_

2y Now, all productions will be in one of the following
two forms:
. AUBB,..B (k23) or Ala

4) Replace each production of the form A [ B1BBB§TB? bY: <o on
2 2

B C

1 1

. ABC, C/BC,..C_B,C, C._B_B,
www.veerpreps.£om



Example #1

G in CNF:
g —
S => AS | BABC §° :z?
A =>A1|0A1|01 o
S => AS | BY
B=>0B|0 —> M | BY,
C=>1C |1 AY
K2=:>>'®qlx IX0X1I
,=> AX,
B >XB|O
C=>X1C|1

All productions are of the form: A=>BC or A=>a

www.veerpreps.£om



Example #2

©CoNoOOahwWDN =

E 0 EX,T|TXF | XEX [ IX, [IX, |IX,]IX,
TDTXF|XEX|I)& fx |1X, ||x
FDXEX)|IX ||x ||x ||x

10X [ X | 1X ||x ||x ||x

X, O+

X, [ *

X, [+

X, O (

G:

1. EOE+T|TF|(E)|la]|lb|10]I1

2. TOTF|(E)|lallb|I0O]I1 >

& FOE)|la|lb|I10]I1

4. | Jalb|lallb|I0O]I1 Step (1)

Q

%\QQ/

1. ELEC,|TC,|XCylIX, X, [ 1X,1X,

2. C, DXT

3. C DXF

4. C DEX

S. TD .........

6.
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i Languages with €

= For languages that include ¢,
= Write down the rest of grammar in CNF
= Then add production “S => ¢" at the end

E.g., consider: G in CNF:
G X, =>0
S => AS | BABC Xy =>1
A=>A1|OA1|O1|8 S=>AS|BY1|£
B=>0B|O0|¢ Y =>
C=>1C|1]¢ —> AY,
Y,=>BC
A=>AX | XY, | XX,
Y, => AX,
B=>XB]|0
a)
C=>XC| wWww.veerpreps.gom




* Other Normal Forms

= Griebach Normal Form (GNF)

= All productions of the form
A==>a a
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g Return of the Pumping Lemma !!

Think of languages that cannot be CFL

== think of languages for which a stack will not be enough

e.g., the language of strings of the form ww

www.veerpreps.com



i Why pumping lemma?

= A result that will be useful in proving
languages that are not CFLs

= (just like we did for regular languages)

« But before we prove the pumping
lemma for CFLs ....

= Let us first prove an important property
about parse trees
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Observe that any parse tree generated by a CNF will be a
binary tree, where all internal nodes have exactly two children
(except those nodes connected to the leaves).

The “parse tree theore

b

Given: Parse tree for w

= Suppose we have a
parse tree for a string
w, according to a
CNF grammair,

G=(V,T,P,S) :
h
= tree height
= Let h be the height of
the parse tree ‘
Implies: AN S SN
[ | IWI S 2h-1 \\\CI')'/ '
a

In other words, a CNF parse tree’s string yield (w) w
h-1 www.veerpreps.gom
can no longer be 2



To show: |w| s 2h-1

Proof: (using induction on h)

Basis: h = 1
| Derivation will have to be “S(1a”
Jwl=1=2"71,

Ind. Hyp: h = k-1

R

Ind. Step: h =k

S will have exactly two children:
SLIAB

' Heights of A & B subtrees are at
most h-1

Iw=w, w,, where |w,| < 2¥? and
wgl s2<2 - F
ol <

O w| < 2%

Proof... The size of parse trees

Parse tree for w

Www.veerpreps.gom



Implication of the Parse Tree

* Theorem (assuming CNF)

Fact:

= If the height of a parse tree is h, then
. ==> |w| < 2!

Implication:
. If |w| = 2™, then
. Its parse tree’s height is at least m+1

www.veerpreps.gom



The Pumping Lemma for CFLs

Note: we are pumping in two places (v & x)
www.veerpreps.gom




i Proof. Pumping Lemma for CFL

« If L=® or contains only ¢, then the lemma is
trivially satisfied (as it cannot be violated)

= For any other L which is a CFL.:

Let G be a CNF grammar for L
Let m = number of variables in G
Choose N=2"M,

Pickanyz € Ls.t. |z2N

1 the parse tree for z should have a height =2 m+1
(by the parse tree theorem)

www.veerpreps.gom



Parse tree for z

______________

h-m<i<j<h
' !
Q.A1 \ :
LA,
A2} \
3 " h = m+1
2 h=m+1 \
g \
N 1
73
2 '.
o)
20T '. m+1
© |
> Il A || 1
:\_%_ ll.___bflf ||| / \\J'/\\‘\ s
. ||I y u V \\\ ||. I,/ X y
A =a - v v
h w

Z = UVWXy

Therefore s e:

Brpreps.gom




Replacing
A with A
(i( times)

h = m+1

Extending the parse tree...

S

Or, replacing
A, with Aj

—

_____

. y
Z = uwy
==> For all k20: uviwx*y €L
www.veerpreps.gom



i Proof contd..

* Also, since Ai’s subtree no taller than m+1

==> the string generated under A''s subtree, which is
vwx, cannot be longer than 2™ (=N)

But, 2™ =N
==> |vwx| = N

This completes the proof for the pumping lemma.

www.veerpreps,gom



Application of Pumping

i Lemma for CFLs

Example 1: L ={a"b"c™ | m>0}
Claim: L is nota CFL

Proof:
« Let N <== P/L constant
. Pick z = aNbNcN
= Apply pumping lemma to z and show that there

exists at least one other string constructed from z
(obtained by pumping up or down) that is € L

www.veerpreps,Gom



i Proof contd...

. Z = UVWXY
«  Asz=a"b"c" and |vwx| £ N and vx#e

. ==>yv, x cannot contain all three symbols
(a,b,c)
= ==> we canh pump up or pump down to build

another string which is € L

www.veerpreps,com



i Example #2 for P/L application

« L={ww|wisin{0,1}*}
« Show that L is not a CFL

. Try string z = ONOM
what happens?

. Try string z = ON1NON1N
what happens?

www.veerpreps,gom



i Example 3

= L={0%|kis any integer)

= Prove L is not a CFL using Pumping
Lemma
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i Example 4

= L ={ablck|i<j<k}

=« Prove that L is not a CFL

www.veerpreps,gom



E CFL Closure Properties
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* Closure Property Results

CFLs are closed under:

Union

Concatenation

Kleene closure operator

Substitution

Homomorphism, inverse homomorphism
reversal

—_

CFLs are not closed under: Note: Reg languages
. Intersection ared closed
. - unaer
« Difference | these
n Complementatlon operators

— www.veerpreps,Gom



Strategy for Closure Property

* Proofs

« First prove “closure under substitution”
= Using the above result, prove other closure properties

« CFLs are closed under:
« Union
« Concatenation
« Kleene closure operator

Prove SUbStitUtiOn ey
this first = Homomorphism, inverse homomorphism
= Reversal

www.veerpreps,gom



The Substitution operation

For each a € ), then let s(a) be a language

If w=a.a,...a_ € L, then;
-« S(w)={xxX, ...

Example:
- Let >={0,1}
« Let: s(0) ={a"b" | n 21}, s(1) = {aa,bb}
« Ifw=01, s(w)=s(0).s(1)
. E.g., s(w) contains a’b'aa, a' b'bb,
a’b? aa, a’b?bb,
...and so on.
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CFLs are closed under

i Substitution

IF L is a CFL and a substititution defined
on L, s(L), is s.t.,, s(a) is a CFL for every
symbol a, THEN:
= S(L)IisalsoaCFL

What is s(L)?

L s(L)

W, ] s(L) ( s(wy) T Note: each s(w)

Wy S(W,) is itself a set of strings
w, | > - s(W,)

W, s(w,)

L _ o _ www.veerpreps gom



CFLs are closed under
Substitution

- G=(V,T,P,S): CFGforL
Because every s(a) is a CFL, there is a CFG for each s(a)
. LetG,=(V, T P.S,)

= Construct G'=(V', T',P’,S) for s(L)
« P’ consists of:

= The productions of P, but with every occurrence of terminal “a” in
their bodies replaced by S._.

- All productions in any P_, forany a € }

Parse tree for G’:

S an
XA XA - w@veerpreps&ﬁom

1 2 n



Substitution of a CFL:
example

« LetL =language of binary palindromes s.t., substitutions for O
and 1 are defined as follows:

« s(0)={a"®" | n 21} s(1) = {xx,yy}
=« Prove that s(L) is also a CFL.

CFG for L: CFG for s(0): CFEG for s(1):

S=> 03S0|151]e S,=>aS,b|ab S,=>xx|yy

J

Therefore, CFG for s(L):

S=>S SS,|S,SS, e

S,=>aS,b|ab
S,=>xx|yy www.veerpreps.com




i CFLs are closed under union

Let L1 and L2 be CFLs
To show: L2 U L2 IS also a CFL

L et us show by using the result of Substitution

= Make a new language:
- L . ={ab}s.t,s(@)=L, ands(b)=L,

==;evé(L ==sameas ==L, UL,

new)

[

« A more direct, alternative proof

- Let S, and S, be the starting variables of the
grammars for L. and L,

- Then, Snew == S1 I SZ www.veerpreps.com



CFLs are closed under

* concatenation

« Let L1 and L2 be CFLs

L et us show by using the result of Substitution

« Make L ={ab}s.t,
s(a) =VY_1 and s(b)=L
==2 L1 I‘2 = S(Lnew)

2

= A proof without using substitution?

www.veerpreps.gom



CFLs are closed under

* Kleene Closure

« LetL be a CFL

« LetlL ={a}*ands(a)=L,

= Then, L™ =s(L

new)

www.veerpreps . gom



We won’t use substitution to prove this result

CFLs are closed under

i Reversal

« Let L be a CFL, with grammar
G=(V,T,P,S)
» For LR, construct GR=(V,T,PR,S) s.t.,

« If A==>qais in P, then:
. A==>aRis in PR

. (that is, reverse every production)

www.veerpreps . com



Some negative closure results

CFLs are not closed under

i Intersection

= EXxistential proof:
- L, ={0M"2"| n21,i>1}
. L, ={0"1"2" | n21,i21)
« BothL, and L, are CFLs

« Grammars?

« But L1 N L2 cannot be a CFL
= Why?

= We have an example, where intersection is
not closed.

= I herefore, CFLs are not closed under
Intersection
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Some negative closure results

CFLs are not closed under

i complementation

=« Follows from the fact that CFLs are not
closed under intersection

.LNL =L UL,

Loqgic: if CFLs were to be closed under complementation
1 the whole right hand side becomes a CFL (because
CFL is closed for union)
1 the left hand side (intersection) is also a CFL
] but we just showed CFLs are
NOT closed under intersection!

1 CFLs cannot be closed under complementation. WWW.veerpreps,com



Some negative closure results

CFLs are not closed under

i difference

« Follows from the fact that CFLs are not
closed under complementation

« Because, if CFLs are closed under
difference, then:
L =Y*-L
= SO0 L has to be a CFL too
= Contradiction

www.veerpreps gom



i Decision Properties

« Emptiness test
= Generating test
= Reachabillity test

« Membership test
= PDA acceptance

www.veerpreps gom



“Undecidable” problems for
CFL

= Is a given CFG G ambiguous?

« Is a given CFL inherently ambiguous?
« Is the intersection of two CFLs empty?
« Are two CFLs the same?

« Is agiven L(G) equal to > *?

www.veerpreps Gom



Summary

« Normal Forms
: Chomsky Normal Form
. Griebach Normal Form
. Useful in proroving P/L

= Pumping Lemma for CFLs
. Main difference: z=uv'wx'y
. Closure properties

. Closed under: union, concatentation, reversal, Kleen
closure, homomorphism, substitution

. Not closed under: intersection, complementation,
difference

www.veerpreps com



Simplification of CFG and Normal
Forms

Dr. Kishore Kumar Sahu,
Assistant Professor, CSE,
VSSUT, Burla.
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SIMPLIFICATION OF CONTEXT-FREE
GRAMMARS

Consider, for example.

G = ({5 A8, C. E), Aa; D, ¢}, L.:S)
where
P={S >AB.A -5 a.B—-b.B— C, E— c|lA}

following points regarding the symbols and productions which are eliminated:

(1) C does not derive any terminal string.

(11) E and ¢ do not appear in any sentential form.
(i) £ — A 1s a null production.

(iv) B = C simply replaces B by C.
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VARIABLE NOT DERIVING TERMINAL
STRING

Let G = (Vy, Z. P, S) be given by the productions § - AB. A — a. B = b.
B — C. E — c. Find G’ such that every variable in G" derives some terminal
string.

Solution

(a) Construction of V'y:
W, ={A.B.E} since A -5 a. B— b. E — ¢ are productions with a
terminal string on the R.H.S.

W= W, U {4, € Vy|A, = o for some a € (£ v {A, B, E})*}
=W, v {S} = {A. B, E §}

W= W, U {4, € Vy|A, = afor some o € (Z v {S, A, B, E})*}
=W.u 0 =W

Therefore.

Vi = {S. A. B. F}
www.veerpreps.com



VARIABLE NOT DERIVING TERMINAL
STRING

(b) Construction of P':
P'= {A = alA,. a e (V| U X)¥)

={S >AB. A —=>a. B — b E - ¢}
Therefore.
G'= ({3, A, B, E). {a. b.c}, P.9§)

www.veerpreps.com



SYMBOLS NOT APPEARING IN
SENTENTIAL FORM

Consider G = ({S, A, B, E}. {a. b. c}. P, §), where P consists of § — AB,
A—a B—- b, E— c

Solution
W, = {S}
W-= {§} v {X € V) U X |there exists a production A — o with

A € W, and « containing X}
= {8} ) {A, B}
Wi= {5, A. B} v {a., b}
W, = W,
Vi = {S. A. B) 2 =:{a, o)
P={S > AB. A - a. B - b}
Thus the required grammar is G" = (Vi. X', P’. §).
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Example 01

Find a reduced grammar equivalent to the grammar G whose productions are
S — AB|CA, B — BC|AB., A = a, C — aB|b

Solution

Step 1 W,={A, C}as A - aand C — b are productions with a terminal
string on R.H.S. :
‘-V:: {A. C} L {Al lAl o 2 7 4 “lth a € (Z O {A. C})*}

= {A, C} U {§} as we have § — CA
Wi= {A. C, S} U {A|A - awith ae (£ uU (S, A. C)H¥}

= {A.C: SF P
As W5 = Wa,
Viy= W = {5. A, C)
P'= {A) = al|Ay, ae (ViU Iy
={S = CA. A = a, C > b}
Thus.

G, =({S. A. C}). {a. b}, {S - CA. A = a, C - b}, )
www.veerpreps.com



Example 01

Step 2 We have to apply Theorem 6.4 to G,. Thus,
W, = {S)

As we have production S — CA and S € W,, W, = {§} U {A. C}
As A = a and C — b are productions with A, C € W,, Wy ={§, A. C. a. b}

As Wy =V, UZX P'={S—>alAd € W3} =P
Therefore,
G = ({S, A, C}, {a, b}. {§ = CA. A — a. C = b}, §)

1s the reduced grammar.
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Example 02

Construct a reduced grammar equivalent to the grammar
S = aAa, A = Sb| bCC| DaA, C — abb | DD,
E — aC, D — aDA

Solution
Stepl W, = {C} as C — abb is the only production with a terminal string
on the R.H.S.
W.= {C} v {E. A}
as £ — aC and A — bCC are productions with RH.S. in (X v {C})*
W.= {C. E. A} v {S)
as § — aAaq and ada is in (T ' Wa)*
W,= Wau 9

Hence.
V=W = (S, A, C E}

{A) = aja e (Vy v Z)*¥}
{S = ada, A = Sb|bCC, C - abb, E — aC)

9
I

Gy = (Viy, {a, b}, P'. 5) www.veerpreps.com



Example 02

Step 2 We have to apply Theorem 6.4 10 G,. We start with

W, = {5}
As we have § — dAa,
W. = {8} u {A. a}
As A — Sb| bCC,

Wi = {S, A a} v {8 b, C} = {§, A, C, a b)

As we have C — abb.

Hence.
PNZ tA| — C(|/1; € H‘H}

= {§ = aAa, A - Sb|bCC, C — abb)
Therefore.
G = ({5 A;:C}); {a. b}, P"; §)

1S the reduced grammar.
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ELIMINATION OF NULL PRODUCTION

Consider the grammar G whose productions are § — aS|AB, A — A,
B — A. D — b. Construct a grammar G, without null productions generating
L(G) - {J‘\}.

Solution
Step 1 Construction of the set W of all nullable variables:
W, = {A, € Vy|A, = € is a production in G}
{A, B}
W, = {A, B} u {S} as § = AB is a production with AB € W}
=:{S, A, B}
Wi=W.u =W,

Thus.
W

1-‘»-"; = {5. A. B}
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ELIMINATION OF NULL PRODUCTION

Step 2 Construction of P’:
(i) D — b is included in P
(i) S — aS givesriseto § = aS and § = a
(ili) S = AB givesriseto § - AB. S - Aand § — B.

(Note: We cannot erase both the nullable variables A and B in § — AB as we
will get S — A In that case.)
Hence the required grammar without null productions is

Gy = ({S; A, B. D}L.{a; b}; P, S)
where P’ consists of

D—=b §S—=u4S.5—=AB. S = a0 S—=A. S —= B

www.veerpreps.com



ELIMINATION OF UNIT PRODUCTION

LetGbe S > AB, A= a, B— C|b,C- D.D— E and E — a. Eliminate
unit productions and get an equivalent grammar.

Solution
Step 1 V(S = {5}, Wi(S) = Wy(S) v 9
Hence W(S) = {S}. Similarly.

W(A) = {A}. W(E) = {E}

Wo(B)= {B},  WiuB) = {B} v {C} = {8, C}

W-(B)= {B. C} v {D}. Ws(B) = {B, C. D} v {E}, Wy B) = Wi(B)
Therefore,

W(B) = {B. C, D, E}

Similarly,
Wo(O) = {C}. Wi(O) = {C, D}. W-{C} = {C. D, E} = W3(C)
Therefore.
W(C) = {C. D, E}). Wo(D) = {D}
Hence,
Wi(D) = {D. E} = Wy(D)
Thus.

W(D) = (D, E}
www.veerpreps.com



ELIMINATION OF UNIT PRODUCTION

Step 2 The productions in G, are
S — AB. A = a, E— a
B—bla. C - a D— a

By construction. G; has no unit productions.
To complete the proof we have to show that L(G") = L(G)).
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NORMAL FORMS FOR CFGs

e Chomsky Normal Form (CNF)
— A->a, A->BCand S-> ¢

e Greibach Normal Form (GNF)
— A->aa where a belongs to V*

www.veerpreps.com



CHOMSKY NORMAL FORM

Reduce the following grammar G to CNF. G is § = aAD, A — aB | bAB.,
B — b.D—d

Solution
As there are no null productions or unit productions. we can proceed to step 2.
Step 2 Let G, = (V\. {a. b. d}, P,. S). where P; and V are constructed
as follows:
(i) B = b, D — d are included 1n P,.
(i1) § — adAD givesriseto S = C,AD and C, — a.
A — aB gives nise 10 A — C B
A — bAB gives nise 10 A = C.AB and C,, — b,
Ve §8:A BB Cuily);
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CHOMSKY NORMAL FORM

Step3 P, consists of § - C.AD, A - CB'C,AB,B— b. D — d, C, = a.
C, — b

A->CB B-bD-—-d C, > a C, - b are added to P
S = C,AD is replaced by § — C,C, and C; — AD.
A — C,AB 1s replaced by A — C,C> and C- — AB.
Let
G = ({8. A. B; D; Cui Cpi Gy Ca}e {ai by d}; Pa;:S)
where P~ consists of § —» C,C. A —» C,B!(C,C.. €, = AD, (5 — AB.
B—-bD-—>d C,— a C, = b. G,is in CNF and equivalent to G.
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Example 01

Reduce the following grammar G to CNF. G is § = aAD, A — aB | bAB.
B—- b D-d

Solution
As there are no null productions or unit productions. we can proceed to step 2.

Step 2 Let G, = (V\. {a. b. d}, P;. 5). where P; and V} are constructed
as follows:
(i) B — b, D — d are included 1n P,.
(i) § = aAD gives rise to S — C,AD and C, = a.
A — aB gives rnise 1o A — CB.
A — bAB gives nse to A = C.AB and C, — b.
Vie= {8: A: ' BiDi'C i Cy)e
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Example 01

Step3 P, consistsof § - C.AD, A - CB'C,AB,B—-b.D - d, C, = a.
C, — b

A->CBB—-bD-—-d C, > a C, - b are added to P,
S = C,AD is replaced by § — C,C, and C; — AD.
A — C,AB is replaced by A — C,C> and C> — AB.
Let
Ga = ({8. Ai- B, Dy Cui Cp Cys Ca}e {a. by-d}, Ps; S)

where P, consists of §S — C,C,. A —» CB!C,C.. €, = AD, G5 — AB.
B—-b D—-d C,— a C, — b. G,is in CNF and equivalent to G.
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Example 02

Find a grammar in Chomsky normal form equivalent to S — aAbB, A —
aAla. B — bB|b.

Solution
As there are no unit productions or null productions. we need not carry out
step 1. We proceed to step 2.
Step 2 Let G, = (V' {a. b}, P,. S), where P, and V', are constructed as
follows:

(1) A = a. B — b are added to P;.

(1) S — aAbB, A — aA. B — bB vyield § - C,AC,B. A —» C,A,
B—>CB, C, > a C, = b

"':\' = {S. 44. B. Cu. C,‘)}-
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Example 02

Step 3 P, consists of S - C,ACB, A —» C,A, B - (B, C, — a.
C/,—-?b.A—)(I.B-—)b.

S — C,AC,B is replaced by § —» C,C,. C, = AGC>. C- = C,B
The remaining productions in P; are added to P». Let
G: = ({5, A..B,: Cp - Cp, Cr: Cnl): {a. bl Ps §),

where P consists of S = C,C, C; = AC>.. C- - C,B. A —» C,A. B - (,B.
C,—>a,.Cy,—>b.A—> a and B— b
G- is in CNF and equivalent to the given grammar.
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GREIBACH NORMAL FORM

Lemma 6.1 letG=(V\.Z. P.5)be a CFG. Let A — Bybe an A-production
in P. Let the B-productions be B — B,|Bs| ... | B,. Define

P,=(P~-{A - Byh)ui{A - By|l £i< s}

Then. G; = (V. 2. P,. §) 1s a context-free grammar equivalent to G.

Lemma 6.2 Let G = (V\, X. P. §) be a context-free grammar. Let the set
of A-productions be A — Ao, |... A, |8 ... |B, (B’s do not start with A).

Let Z be a new variable. Let G, = (V, U {Z}. Z. P,, S), where P, is defined
as follows:
(i) The set of A-productions in P; are A = B;|5| ... | B
A BZIBZ|...|BZ
(i1) The set of Z-productions in P, are Z — «, |o| ...
Z > oZ|a-Z ...|aZ

(111) The productions for the other variables are as in P. Then G, i1s a CFG
and equivalent to G.

|,
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Example 01

Apply Lemma 0.2 to the following A-productions in a context-free grammar
G.
A — aBD|bDB |c, A = AB|AD

Solution

In th.'s example. &g = B. &~ = D, 3, = aBD. 8- = bDB, B; = ¢. So the new
productions are:

(i) A = aBD|bDB|c. A — aBDZ|bDBZ|cZ
Gi) Z ol Zoas B Z.—5 BZ|DZ
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Example 01

Apply Lemma 0.2 to the following A-productions in a context-free grammar
G.
A — aBD|bDB |c, A = AB|AD

Solution

In th.'s example. &g = B. &~ = D, 3, = aBD. 8- = bDB, B; = ¢. So the new
productions are:

(i) A = aBD|bDB|c. A — aBDZ|bDBZ|cZ
Gi) Z ol Zoas B Z.—5 BZ|DZ
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Example 02

Construct a grammar in Greibach normal form equivalent to the grammar
S 5 AA|a A = §5|b.

Solution

The given grammar is in CNF. § and A are renamed as A, and As,

respectively. So the productions are A; = AA-|la and A» — A A, 1b. As the

given grammar has no null productions and is in CNF we need not carry out

step 1. So we proceed to step 2.

Step 2 (i) A;-productions are in the required form. They are A, — A-A-| a
(i1) A- — b 1s in the required form. Apply Lemma 6.1 to A, — AA,.

The resulting productions are As — A-A-A;. A — aA,. Thus the

As-productions are

A: — A:A’_\Al. A_‘) - (lAl. A: — b
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Example 02
A, = A-A-A, Ay — aA,, Ay = b

Step 3 We have to apply Lemma 6.2 to A,-productions as we have
As — A-A-A,. Let Z- be the new variable. The resulting productions are

As — (IAI. A: — b
A: —) (1.4|Z:. A: — [)Z:
Z: - A:AI. Z: - A:AIZ}

Step 4 (i) The A~-productions are A- — ad,|b|aAZ-|bZ-.

(ii)) Among the A,-productions we retain A; — «@ and eliminate
A, = A-A- using Lemma 6.]1. The resulting productions are A, — aA;A,|bA-.
A, — aA\Z-A-|bZ-A-. The set of all (modified) A;-productions is

A] — 0:(7A]A3|bA:iaA]ZQA3|bZ:A3

Step § The Zs-productions to be modified are Z» — A-A|, Z» — AA 2.
We apply Lemma 6.1 and get

Z: g (IA|A| | bAl |(L4§Z:A] IbZ:Al

Ly — aA 1A14> i bAiZ: } (IA]Z}AIZ: [ bZ:A;Z:
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Example 02

Hence the equivalent grammar is

G = ({A,. A~, Z.}, {a, b}, P,

1 Ay)
where P, consists of
Al = alaA\As|bAs|aAZ-A, | bZ-A>
Ay = aA,|b|aA Z,5| bZ,

Z: — aA1A1 ' bAl | (IA]Z:AI ; bZ:f‘\!_
7l — (lAlAEZ: ' h;‘\;Z}_ l (IA;Z:.“MZ:

,)Z:A | Z:
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Example 03

Convert the grammar § — AB. A — BS|b. B — SA|a into GNF.

Solution

As the given grammar is in CNF. we can omit step 1 and proceed to step 2
after renaming S. A. B as A, A, Ax, respectively. The productions are A, —
AsAx Ax = AA D, As = AAL|a

Step 2 (1) The A;-production A, — A.A; is in the required form.
(ii) The A,-productions A, — A4, b are in the required form.
(ii1) Ay — a is in the required form.

Apply Lemma 6.1 to A, — A A, The resulting productions are A; — A->A3A-.
Applying the lemma once again to A; — A-A:A. we get

Ay — 1'13,4]‘43/‘: “)A:;A;s.
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Example 03

Step 3 The Az-productions are A; — a|bA:A; and A; = AzA;A34-. As we
have Ay — A:A,A:A~. we have to apply Lemma 6.2 to As-productions. Let
Z- be the new variable. The resulting productions are

Ay — a|bA:A, Axr — aZ:il bAAZ,
7 ey Za—S A2
Step 4 (1) The As-productions are
A = a|bAsAs| aZsi bARA-Z: (6.9)

(i) Among the A--productions. we retain A~ — b and eliminate A, —
AsA, using Lemma 6.1. The resulting productions are

As = aA, | bAA-A aZ-A | PASANZA,
The modified A--productions are
As = biaA;|bA-AsA: |GZ:A: | BAsA-Z:A, (6.10)
(1i1) We apply Lemma 6.1 to A; — A-A: to get

A[ - bA:: |(IA]A3 I bAgA:Ap'\g : (IZ;A 1A bA;A:Z.-,A 3:’\3 (6.11)
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Example 03

Step § The Z:-productions to be modified are
Z: = A)A:A2|AjAA-Z;
We apply Lemma 6.1 and get
Z; = bAAA- | bAASZ,
Zy = aA1AsAAL ] aAARAALZ,
Z; = bA:A-A 1 AA3A- | BAIASALAAAZ; (6.12)
Zy = alAAAAS | aZ-A\AAANZ-
Zy — bAASZ3A AzAAS | DPASA~Z:A 1 A2AAAZ;
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{ Turing Machines
Reading: Chapter 8
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i Turing Machines are...

= Very powerful (abstract) machines that
could simulate any modern day
computer (although very, very slowly!)

For every input,
answer YES or NO

= Why design such a machine®

= If a problem cannot be “solved” even using
a TM, then it implies that the problem is
undecidable

=« Computability vs. Decidability
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A Turing Machine (TM)

- M=(Q,¥,T,5,q,B,F)

Infinite tape with tape symbols

Finite
control

(7Tape head

B

B

B

X

1

X

2

X

3

X

Input & output tape symbols —»

B: blank symbol (special symbol reserved to indicate data boundary)

3
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You can also use:
1 for R
1 for L

Transition function

= One move (denoted by |---)
in a TM does the following:

X/Y,D
. 5(q.X) = (p,Y,D) (@) (»)

- q is the current state

= X s the current tape symbol pointed by
tape head

- State changes from qto p

- After the move:
X is replaced with symbol Y

If D=“L", the tape head moves “left” by
one position.

Alternatively, if D="R” the tape head
moves “right” by one position.

www.veerpreps.com



iIDofaTM

= Instantaneous Description or ID :
e XX X gXX X
Mmeans.
- ( is the current state
- Tape head is pointing to X
« XX, X XX,,...X are the current tape symbols

i-17 7 i1

= 0(q,X) = (p,Y,R) is same as:

Xyoo XX o X e XX YPX L X
= 0(9,X)=(p,Y,L) issame as:
X,oo XX o X Jemmm X pX YK X
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* Way to check for Membership

= Is a string w accepted by a TM?

= Initial condition:

= The (whole) input string w is present in TM,
preceded and followed by infinite blank symbols

= Final acceptance:
= Accept w if TM enters final state and halts
- |If TM halts and not final state, then reject
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i Example: L = {0™" | n=1})
« Strategy: w =000111
\ -\

BBOOO111BB___§... BIB|X| X0 Y Y 1B B .
BB>(00111BB—§ BBxx\meY1BB_
BBXOO\Y11BB; BBXXXY'.\(E(BB
BBX}(.é-Y11BB— BBXXXYYY\BB
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*TM for {0"1" | n=1}

Y/Y,R

0/X,R

Y/ .
YRO,R

/\
Y/Y,R \\\\\\\
XTI XR :E:

B/B,R\
@

2.
3

1/Y,L
U 4

Y /Y.L
0/0,L

Mark next unread 0 with X and
move right

Move to the right all the way to
the first unread 1, and mark it
with Y

Move back (to the left) all the
way to the last marked X, and
then move one position to the
right

If the next position is 0, then
goto step 1.

Else move all the way to the
right to ensure there are no
excess 1s. If not move right to
the next blank symbol and
stop & accept.
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*state diagram representation preferred

* TM for {0"1" | n21}

Next Tape Symbol
Curr. 0 1 X Y B
State
" qo (q1 1X!R) - - (q3’Y’R) -
q1 (q1’O’R) (qQ!YvL) - (q1’Y’R) -
q2 (qzaoal—) - (qO,XaR) (q2aYaL) -
q3 - - - (qg,Y’R) (q4,B,R)
*q4 _ __ _ _ _

Table representation of the state diagram
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* TMs for calculations

=« IMs can also be used for calculating
values
= Like arithmetic computations

= Eg., addition, subtraction, multiplication,
etc.

10
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i Example 2: monus subtraction
-

Give state diagram

.

N

“m -- n” = max{m-n,0}

0m™10" [ ...B 0™ B.. (if m>n)
...BB...B.. (otherwise)

1.

For every 0 on the left (mark X), mark off a O on the right
(mark Y)

2. Repeat process, until one of the following happens:

1. /[ No more Os remaining on the left of 1
Answer is 0, so flip all excess 0s on the right of 1 to Bs
(and the 1 itself) and halt

2. //INo more Os remaining on the right of 1
Answer is m-n, so simply halt after making 1 to B

11
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* Example 3: Multiplication

= 0™0" (input), 0™1 (output)

« Pseudocode:

1. Move tape head back & forth such that for every
0 seen in 0™, write n Os to the right of the last
delimiting 1

Once written, that zero is changed to B to get
marked as finished

5. After completing on all m Os, make the remaining
n Os and 1s also as Bs

Give state diagram

12
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i Calculations vs. Languages

The “language” for a certain
A “calculation” is one calculation is the set of strings of
that takes an input and the form “<input, output>", where
outputs a value (or —— | the output corresponds to a valid
values) calculated value for the input

A “language” is a set /

of strings that meet
certain criteria “<0#0,0>"

E.g., The language L_,, for the addition operation

“<0#1,1>"
“<2#4,6>"

Membership question == verifying a solution

e.g., is “<15#12,27>" a member of Ladd? 13
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Language of the Turing

* Machines

« Recursive Enumerable (RE) language

|

Regul

_ ) )

ar ontext % 2 %c_%
(DFA) free £ % 5 o
(PDA) O » 3 E

O C

o W

14
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{ Variations of Turing Machines

15
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Generic description

* TMs with sforage
« E.g.,, TMfor 01* + 10*

storage

Tape head

Transition|function o:

+ 5(g,Bla) = ([d.a

- 5([a,.al.a) = ([a,.a, a, R)

B|{B|O|[1T]|1[1]1]1

B

, a, R)

* 8([a,,a],B) = ([9,.B], B, R)

[d,.a]:  where qis current state,
a is the symbol in storage

Are the standard TMs
equivalent to TMs with storage?

Will work for both a=0 and a=1

Yes

16
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with storage - Proof

* Standard TMs are equivalent to TMs

Claim: Every TM w/ storage can be simulated
by a TM w/o storage as follows:
= For every [state, symbol] combination in
the TM w/ storage:
- Create a new state in the TM w/o storage
- Define transitions induced by TM w/ storage

Since there are only finite number of states and symbols
in the TM with storage, the number of states in the
TM without storage will also be finite

17
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* Multi-track Turing Machines

« M with multiple tracks,
but just one unified tape head

One tape head to read
k symbols from the k tracks
at one step.

Track 1

Track 2

Track k

18
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* Multi-Track TMs

« M with multiple “tracks” but just one

head E.g., TM for {wew | we {0,1}*}
but w/o modifying original input string

BEFORE

Tape head

[B|B|ofi|o]c|of1]{o]|B]| . Track1

|B|B|B|B|B|B|B|B|B|B| . Track2

AFTER

Tape head

. |s[Blo|1|ofc|of1]ai|B]i Track1
BB [X|X|X|c|Y|Y|Y|B]| .. Track2

Second track mainly used as a scratch space for marking 1°
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Multi-track TMs are equivalent
i to basic (single-track) TMs

=« Let M be a single-track TM
- M=(Q, 3, T, 5 q,B,F)

« Let M’ be a multi-track TM (k tracks)
- M=(Q,y, & q,BF)
. 6’(qi,<a1,a2,...ak>) = (qj, <b,,b,,...b, >, L/R)

= Claims:
- Forevery M, there is an M’ s.t. L(M)=L(M’).

= (proof trivial here)

20
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* Multi-track TM ==> TM (proof)

- Forevery M’, there is an M s.t. L(M’)=L(M).

Main idea:
- M=(Q,2,T,5,q,[B,B,...],F) Create one composite
= Where: symbol to represent
Q=Q’ every combination of
=5 ‘x> ‘x... (k times for k-track) | k symbols

=0"xIx... (ktimes for k-track)
9o = dg
F=F
o(q.[a,.a,,...a,]) = 0'(q, <a,.a,,...a,>)
= Multi-track TMs are just a different way to
represent single-track TMs, and is a matter of
design convenience.

21

www.veerpreps.com



* Multi-tape Turing Machines

« M with multiple tapes, each tape with a
separate head

= Each head can move independently of the

others

control

Tape 1

/\\ k separate heads

:

Tape 2

Tape k

22
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On how a Multi-tape TM would
operate

« Initially:
= Theinputis in tape #1 surrounded by blanks
= All other tapes contain only blanks

= The tape head for tape #1 points to the 15t symbol of the
input

= The heads for all other tapes point at an arbitrary cell
(doesn’t matter because they are all blanks anyway)

= A move:

= Is a function (current state, the symbols pointed by all the
heads)

= After each move, each tape head can move independently
(left or right) of one another

23
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* Multitape TMs = Basic TMs

= ITheorem: Every language accepted by a
k-tape TM is also accepted by a single-tape
™

= Proof by construction:

= Construct a single-tape TM with 2k tracks, where
each tape of the k-tape TM is simulated by 2
tracks of basic TM

= k out the 2k tracks simulate the k input tapes

= The other k out of the 2k tracks keep track of the k
tape head positions

24
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* Multitape TMs = Basic TMs ...

= [0 simulate one move of the k-tape TM:

Move from the leftmost marker to the rightmost marker (k markers) and in
the process, gather all the input symbols into storage

Then, take the action same as done by the k-tape TM (rewrite tape symbols
& move L/R using the markers)

storage
Track 1 ... X
Track2 - | A Ag - A
Track 3 X
Track4 _ [B; [B, |- |B |.. |B,

25
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Non-deterministic TMs = Deterministic TMs

* Non-deterministic TMs

= A TM can have non-deterministic moves:

" 6(q,X) = { (q1’Y1’D1)’ (qzin’Dz)’ }
= Simulation using a multitape deterministic TM:

Contr
ol
L

Input tape
ID /7
. ID, ID, ID,

Marker tape

Scratch tape

26
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i Summary

= [Ms == Recursively Enumerable languages

« [Ms can be used as both:
= Language recognizers
= Calculators/computers

« Basic TM is equivalent to all the below:
TM + storage
Multi-track TM

Multi-tape TM
Non-deterministic TM

= [Ms are like universal computing machines
with unbounded storage

N

W

27
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WHY TURING MACHINES?

Turing Machine is the most general model.
[t accepts type-0 languages.
[t can also used to compute functions.

[t turns out to be mathematical model of partial
recursive functions.

[t is used to determine the undecidablity of certain
languages and measuring the space and time
complexity of problems.
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TURING MACHINE MODEL

Turning machine is suppose to be having the following
Components' Infinite length tape
Infinite length tape
Read/Write head Eﬁ?ﬂ{ﬁ?;;ehead

Finite control
Finite Control

Input tape is divided into number

of cells to which the head can read as Fig.-uring Machine

well as write.
R/W head is able to move in both the directions.
The finite control consists of internal states.
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FORMAL DEFINITION OF TM

A Turing Machine M is a 7-tuple, namely (Q 3,1, 8, q, b, F)
where

Q is a finite non empty set of states,

[is a finite non empty set of tape symbols,

b belongs to I is a blank symbol],

0 is the transition function mapping (q, x) onto (q’, y, D)
where D denotes the direction of movement of R/W
head; D=L or R according as the movement is to the left
or right.

q, belongs to Q is the initial state, and

F a subset of Q is the set of final states.
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WORKING PRINCIPAL OF TM

Each cell on the input tape is capable of one symbol.

At any instance of time the FC is in a particular state
and reads the symbol just above the R/W head .

After reading the input symbol the TM does one of the

following according to the transition defined for a
given TM.

A new symbol is written on to the input tape in the cell
pointed by the R/W head.

R/W head moves in the direction R (right) or L (left).
The FC moves to the next state.

Whether to halt or not.
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REPRESENTATION OF TM

Turing machine can be represented in one of the
following notation:

State diagram

Transition table

Instantaneous description.
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REPRESENTATION OF TM (CONDT...)

ID notation is used to represent the state ofa TM at a
particular instant of time as follows:

#43, @y g d A

Read input unread input

Current state

transition between IDs takes place with help of move
relation (|-) as follows

: :
a;a,..a,,q4a..a,43, |-a;a, ...a,,b,q" a,,; ... 2,2, (right
move)

)
a;a,..a,_,q4a,..a,43a,|-a;a,...a,,q a,_,b;a,, ..a,a, (left
move)
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CONSTRUCTION OF TM FOT 0"1"

The language is context free.

It has # of 0’s equal to the # of 1's and all the 1’s
follows the 0’s.

The logic behind the construction is that,
For each 0 read the head moves to the right of the input

string and finds a matching 1.

It keeps tracks of the 0’s read by marking them as x’ and
that of matching 1’s by ‘y.
[t continues the above process till,

All 0’s and 1’s are marked (accept)

Some 0’s are unmarked i.e. # of 0’s > # of 1's (reject)
Some 1’s are unmarked i.e. # of 0’s < # of 1’s (reject)
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CONSTRUCTION OF TM FOT 01" (Cont...)

Let us take w=0011, then we can write the sequence of
moves as follows:
0011 ->x011 ->x0y1 -> xxy1 -> xxyy (accept)

Let us take w=00011, then we can write the sequence
of moves as follows:
00011 ->x0011 -> x00y1 -> xx0y1 -> xx0yy (reject)

Let us take w=00111, then we can write the sequence
of moves as follows:
00111 ->x0111 ->x0y11 ->xxy11 -> xxyy1 (reject)
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CONSTRUCTION OF TM FOT 0"1" (Cont...)

Let us implement this logic in the construction as
follows:
[nitially the FC/CU is in state q, and on reading a 0 it
changes to q, and marks(replace) the 0 to x’ and moves
right.
Being in state q, it moves right and on encountering an
1 the FC go to q, and marks(replace) the 1 to ‘y’ and
moves left.
Being in state q, it moves left till a X" is read and the FC
go to q, and continues the last two steps till
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CONSTRUCTION OF TM FOT 0M" (Cont...)

All the 0’s are marked i.e. q, reads a ‘y’ after immediately
reading® ot e diCREwWeshcetRche ek il=anypic-1 is left
unmarked. This can be done by changing to q; and
moving right till a ‘b’ is encountered. On reading a ‘b’ the
CU changes to q, which is an accepting state.

When the # of 0's > that of 1, after marking the first

excess 0 the CU will not find a matching 1 i.e. q; on
moving extreme right will encounter a ‘b’ instead of 1.
Hence the TM will come to a halt(reject).

When the # of 0's < that of 1, after marking the 1
corresponding to the last 0 CU will have excess 1's i.e. g,
on moving right will encounter a excess 1 instead of ‘b’
Hence the TM will come to a halt(reject).
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CONSTRUCTION OF TM FOT 0"1" (Cont...)

Let us use this TM for the three input strings discussed
earlier.

When w=0011, then we can write the sequence of
moves with ID’s as follows:

qo0011b -> xq,011b -> x0q,11b -> xq,0y1lb ->
q,x0y1b -> xq,0ylb -> xxq,y1lb -> xxyq,1b ->
XXq,yyb -> Xq,xyyb -> xxqoyyb -> xxyqsyb ->
XXyyqs;b ->xxyybq,b (accept)
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CONSTRUCTION OF TM FOT 0"1" (Cont...)

When w=00011, then we can write the sequence of
moves with ID’s as follows:
q,00011b -> xq,0011b -> x0q,011b -> x00q,11b ->
x0q,0ylb ->xq,00y1lb -> q,x00ylb -> xq,00ylb ->
xxq,0ylb -> xx0q,ylb ->xx0yq,1b -> xx0q,yyb ->

xq,x0yyb -> xxq,0yyb -> xxxq,yyb -> xxxyq,yb ->
XXXyyq,b (reject)
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CONSTRUCTION OF TM FOT 0M" (Cont...)

When w=00111, then we can write the sequence of
moves with ID’s as follows:
q,00111b -> xq,0111b -> x0q,111b -> xq,0y11b ->
q,x0y11b ->xq,0yl1lb -> xxq,y11b -> xxyq,11b ->
xxq,yy1lb -> xq,xyylb ->xxq,yylb -> xxyq;ylb ->

XXyyq;1b (reject)
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CONSTRUCTION OF TM FOT 0"1" (Cont...)

Present
State

Tape Symbols
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CONSTRUCTION OF TM FOT QO"1"2"

The language is context sensitive.

It has equal # of 0’'s, 1's and 2’s and all the 1’s follows
the 0’s and all the 2’s follows the 1’s.

The logic behind the construction is that,
For each 0 read the head moves to the right of the input

string and finds a matching 1 and again moves right to
find a matching 2.

It keeps tracks of the 0’s, 1's and 2’s by marking them as
X, 'y’ and ‘z’ respectively.
[t continues the above process till,

All 0’s, 1's and 2’s are marked (accept)

Unequal # of 0’s, 1's and 2’s marked(reject)
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CONSTRUCTION OF TM FOT QO"1"2"

Let w=001122 and find the moves by applying the
same logic.
q,001122b -> xq,01122b -> x0q,1122b -> x0yq,122b ->
x0y1lq,22b -> x0yq;1z2b -> x0q;y1z2b -> xq;0y1z2b ->
q5x0y1z2b -> xq,0y1z2b -> xxq,y1z2b -> xxyq,1z2b ->

XXyyq,z2b -> xxyyzq,2b -> xxyyq;zzb -> xxyq,;yzzb ->
XX(q3YyZzb -> xqsxyyzzb -> xxq,yyzzb -> xxyq,yzzb ->
XXyyq,zzb -> xxyyzq,zb -> xxyyzzq,b -> xxyyzzbq:b
q: is the accepting state hence w is acepted.
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CONSTRUCTION OF TM FOT QO"1"2"

Present Tape Symbols
State
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TECHNIQUES FOR TM CONSTRUCTION OR
VARIANTS OF TM

To make the construction easier we make use of high-level
description called as Implementation description or high-
level description.

The implementation description are of the following type:
Non Deterministic TM
TM with stationary head (stay option)

Storage in state
Subroutines

Multiple track TM
Multitape TM
Multidimentional TM

TM with Semi-Infinite Tape
Off-Line TM

Universal TM
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NONDETERMINISTIC TM

We can make the TM to behave nondeterministic ally
by making the FC to have more than one configuration
on reading a single tape symbol.

This is possible by expanding the definition of 6 as

follows: Q x I' -> 22xI'x{L R} (it represents the power set
of Q x I' x {L, R}), where as the standard TM had 6 as
follows: Q xI'-> Q xI'x {L,, R}.
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TM WITH STATIONARY HEAD

In some cases we may come across a situation where
may not want the head to move in either direction.

This is possible by expanding the definition of 6 as
follows: QxTI'->QxI'x{L, R, S} (where S means, the
head is stationary), where as the standard TM had 6 as
follows: Q xI'-> Q xI' x {L, R}.

uqgaxv |-uq’bxv (a move corresponding to the S)

uqgaxv |-ubq’’xv |- ug’bxv (a move corresponding first L
and then R move in a standard TM)
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STORAGE IN STATE

We can always use a state to store a input symbol.

Then TM can be defined as follows:

M=(QxT %,T, 0, qy b, F) the new set of states is Q x I and
containing elements of the form [q,, a].

M=(Q, %, [} 9, q,, b, F) being the description of standard
TM.

Using this concept we can construct a TM for the RE
PHERE

www.veerpreps.com



STORAGE IN STATE: An Example

1Rb

[q,,1]

Fig. TM representing the RE 01*+10*

www.veerpreps.com



SUBROUTINES

In the construction of TM we have some steps which
are repeated a # of times.

Hence these can be treated as the subroutines which
can be designed as a separate TM and can be called

when ever required.

When ever a subroutine TM is called then the main TM
comes to a temporary halt condition, and the later TM
resumes it process when the subroutine TM finishes

it’'s work.

A subroutine TM is always associated with an initial
state and a return state.
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SUBROUTINES: An Example

Design a TM which can multiply two +ve integer.
The input (m, n) being given, the +ve integer are
represented as 0m1071.

Input: b0O™10™1b, Output: bO™0"b.
The steps involved in the process are as follows:
0m10"1is placed on the tape.

The leftmost 0 is erased(by replacing with ‘b’).

A block of n 0’s is copied onto the right end(by COPY
subroutine).

Step 2. and 3. are repeated m times and 10*10™" is obtained
an the tape.

The prefix 10™1 of 10"10™" is erased, leaving the product
mn as the output.
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SUBROUTINES: An Example

TM for COPY subroutine

Tape Symbols
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SUBROUTINES: An Example

TM for Multiplication of two numbers

I I S A S R S
PR
qs0R q;1R
q;0L
qg1L
qq0L
qq0L

q;1bR
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MULTIPLE TRACK TM

Finite Control/Head

Track 1
Track 2
C Track 3

Here a single tape is divided into k tracks and I' is
consisting of elements composed of k tape
symbols(each element is a k-tuple), where K’ is a
constant associated with a TM.

Here the TM is defined as M=(Q, £, I'¥, §, q,, b, F).
Here 6: Q x I’k ->Q x I’k x {L,R}
Fig, has I'={(a,b,c), (a,b,e), (d,c,f),...}.
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MULTITAPE TM

Finite Control
o

(

Tape 1 s Two Head of TM Tape2

Here we have more than one tape all having a single
tape symbol as I.

Here the TM is defined as M=(Q, %, [ 9, q,, b, F).
Here 6: Q x I ->Q x ' x {L,R}" (‘'n’= # of tapes).
n # of heads reads n different input symbols.

Although it has n heads corresponding to n tapes nut
has a single finite control head.
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MULTIDIMENSIONAL TM

05 Finite Control/Head
Origin

Two
dimensional
Tape

Here 6: QxI' ->Q x I'x {LLR,U,D} (U, D corresponds to
the movement of the head in up and down direction).

The reference point is taken as origin of the
multidimensional tape and from this position the head
can move in L, R, U, D directions.
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TM WITH SEMI-INFINITE TAPE

Finite Control/Head

Track 1
Track 2

Here the TM has only one tape which is bounded on
the left and is also divided into two tracks.

The upper track contains the input string after the ‘#’
symbol which is considered as the reference point.

Generally the TM works on the upper track but when
its has to move to the left of # symbol, then the lower
track is the working tape for the TM.
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OFFLINE TM

Read only input File

Finite Control

Tape

It has an additional read only input tape to that of
standard TM.

The work of these kind of TM is to write the contents of
the input tape onto the standard tape.

Hence these are also called as offline printers.
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UNIVERSAL TM

Control Unitof Finite Control
M

u

Description of M Tape content of M Internal States of M

It is called as universal TM as it can simulate any given
language (simulates a general purpose computer).

Here the description, tape contents and the internal
state of any TM is encoded in terms of 0’s and 1’s and
are placed on three different tape.

The control unit in this case behave just like the control
unit of encoded TM.

www.veerpreps.com



DEFINITION OF ALGORITHM

Algorithm is a collection of simple instruction for
carrying out some task.

Until 20* century the mathematicians used the
intuitive notation of algorithm, which was not

sufficient in gaining a deeper understanding of
algorithm.

In 1900 David Hilbert identified 23 mathematical

problems and nnqu them as challenage for the

_v-v-v—--w w/in sl In WEs RV W’ “wla Wl B O sin Bn En i RV v--v—--v—- N4 s W =l s B

commg century

The 10 problem in list concerned algorithm

(devise an algorithm that test whether a polynomial
has an integral roots).
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DEFINITION OF ALGORITHM(CONT...)

We know that no algorithm exist for this task as it is
algorithmically unsolvable.

We can conclude this only if we have clear
definition of algorithm.

This definition came in the 1936 paper of Alonzo
Church (used -calculus) and Alan Turing (used
Turing Machines) to define algorithm.

These two definition were shown to be equivalent .
This 1s known as “Church-Turing Thesis”.

(Intuitive notation of algorithms = Turing machine algorithm)
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DEFINITION OF ALGORITHM(CONT...)

We use TM for defining our algorithms.
We have three standard ways to describe TM algorithm which are as
follows:

Formal definition: Low level description of TM in terms of states,
transition function and so on.

Implementation description: We make use of English prose to describe the
movement of head and storage of data on the Tape.

High-level description: We use English prose to describe and
algorithm, ignoring the implantation details.

Now onwards we will be using the high-level description for a TM.

The TM usually take input strings ‘w’ as input, but we can also pass
objects like polynomials, graphs, grammar etc.

Let O be an object then <O> is encoded input to the TM.If O, O,,
...,0, are the objects the < O,, O,, ...,0_>1s the encoded input to the
™.
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DEFINITION OF ALGORITHM(CONT...)

Example:

Write the high-level description of a TM the decides A.Where A is a
language consisting of all representing the undirected graphs that are
connected.

Solution:
The she}t A is represented as follows A={<G> |G is a connected undirected
graphj}.
Then the high-level description of the TM that decides A is as follows:
M=*On input <G>, the encoding of a graph G.
1. Select the first node of G and mark it.
2. Repeat the following stages until no new nodes are marked.

3. For each node in G, mark it if it is attached b an edge
to a node that is already marked.

4.Scan all the nodes of G to determine whether they all are marked. If
they are, accept; otherwise reject.”
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DEFINITION OF ALGORITHM(CONT...)

Under decidability we will trying to investigate the
power of algorithms to solve problems.

Intern we will be exploring the limit of
algorithmically solvability (finding unsolvable
problems).

The unsolvability of some problems are subject of
concern for two reasons:

Problem can be altered of simplified before they turn
unsolvable.

Stimulates our imagination and helps us to gain an
important perspective on computation
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DECIDABILITY

The term is associlated with a TM representing a set or
language.

The TM is said to a decider for a language as it decides whether
a particular element or string belongs to the language or not.

A problem is said to be solvable if we have a TM acting as the
decider for the given problem else it is unsolvable.

Implies if a problem is solvable then there exist a TM acting as
the decider for the problem. And the problem is decidable else
undecidable.
Hence decidability divides our problem set into:

Decidable and

Undecidable.
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DECIDABLE PROBLEMS CONCERNING L.

Computational problems concerning FA are as
follows:

FA accepting a string ‘W’ (Apgx)
NFA accepting a string ‘w’ (Axga)»
RE generating a string ‘w’ (Agey)»
FA i1s empty (Eppa),

Two FAs are equivalent (EQprz)-

All the above problems are decidable as we
have a TM acting as a decider for each
problem.
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A, IS DECIDABLE

Apps ={<B,w>| B is a DFA that accepts
input string w}.

M=""On input <B,w>, where B 1s a DFA and w is a
string:
1.Simulate B on input w.

2.1f the simulation ends in an
accept state, accept. If it ends in a
non accepting state, reject.”
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A IS DECIDABLE

Aynprn ={<B,w>| B 1s an NFA that accepts
input string w}.

N="“On input <B,w>, where B is a NFA
and w 1s a string:

1.Convert NFA B to an equivalent
DFA C.

2.Run TM M on input<C,w>.

3.1f M accepts, accept; otherwise
rejects, reject.”
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A... IS DECIDABLE

Arry ={<R,w>| R 1s regular expression that
generates input string wj.

P="On input <R,w>, where Ri1s RE and w
1s a string:

1.Convert RE R to an equivalent
DFA A .

2.Run TM M on input<A,w>.

3.1f M accepts, accept; otherwise
rejects reject.”
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E, s IS DECIDABLE

T="On input <A>, where A 1s a DFA:
1.Mark the start state of A .

2.Repaet until no new states get
marked.

3. Mark any state that has a
transition coming into it from

Anrnsr atatA~ 1ﬂ'\+ 1 AlvraaAxr
cu.l._y DI.Cl.I.C LJ. al 1o CI.J.J.CCLu.y

marked.

4.If no accept state is marked,
accept; otherwise reject.”
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EQ; s IS DECIDABLE

L(C)=(L(A)L(B)" U (L(A)"L(B))

F="On input <A,B>, where A and B are DFAs:
1.Construct DFA C as Described.

2.Run TM T from previous TM on
input <C>.

s3.If T accept, accept. If T rejects,
reject.”

www.veerpreps.com



DECIDABLE PROBLEMS CONCERNING L.

Computational problems concerning CFG
are as follows:

CFG accepting a string ‘w’ (Asrg)
CFG is empty (Ecre),

Two CFGs are equivalent (EQ.rq),
Every CFG is decidable(A).
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Aope IS DECIDABLE

Acpg ={<G,w>| G is an CFG that accepts
input string w}.

S="“On input <G,w>, where Gis a CFG and
W 1S a string:
1.Convert CFG G to an equivalent
grammar in CNE.

2.List all derivations with (2n-1) steps,
where ‘n’ is the length of w; except if
n=0, then instead list all derivation
with the 1 step.

3.1f any of these derivation generates w,
accept; otherwise reject.”
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Ecre IS DECIDABLE
Ecre ={<G>| G is an CFG and L(G)=@}.

R=“On input <G>, where G 1s a CFG:

1.Mark all terminal symbols in G.

2.Repeat until no new variable get
marked:

3. Mark any variable A where G has a rule
A->U,U,...U, and each symbol U, U, ...U,
has already been marked.

4 1f any start symbol is not marked,
accept; otherwise reject.”
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EQrc IS UNDECIDABLE

EQcre ={<G,H>| G and H are CFGs and
L(G)=L(H)}.
The class of context-free languages are not

closed under intersection and complementation
operation.

Hence the ways we have proved for FA with the
help of intersection and complementation
operation will not work for CFG.

So its turns out to be difficult for us to find a TM to
decide EQrs- Hence EQp 1s undecidable.
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A IS DECIDABLE

Let G be CFG for A and design a TM M, that
decides A. we build a copy of G into M. It works
as follows:

Mg =“On input ‘w’:
1.Run TM S on input <G,w>,

2.1f this machine accepts, accepf;
otherwise if it rejects, reject.”
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THE HALTING PROBLEM

Not all the problems are solved by a computer.

Now we will come across several problems that are computational
unsolvable.

Eg.TM accepting a string w (Apy)-

A ={<M,w>| M is a TM and M accepts w}

U="*On input <M,w>, where M is a TM and w is a string;
1.Simulater M on input w.

2.If M ever enters its accept state, accept; if M ever enters its
reject state, reject.”

U 1s not a decider as it may loop on input w and don’t halt.(Halting
Problem)

Hence U is not a decider but a recognizer for Apy,.
We conclude that Ay, 1s undecidable.
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A TURING-UNRECOGNIZABLE LANGYAGE

There are some problems that are even not recognized by a TM.
Eg. A, is a Turing unrecognizable language (i.e. the compliment of Ary,).

If the complement of a language is recognized by a TM, then the language is
called as co Turing recognizable.

Theorem: “A language is decidable iff both it and its compliment is Turing
Recognizable.”

Proof:(Forward proof)

(Methodl). A is a decidable language (implies A is also recognizable) then A’ is also
decidable(compliment of a decidable language is also decidable).

If A’is decidable, implies A’ is also recognizable.

(Backward proof)

(Method?2). A and A’ are Turing recognizable (represented by M,, M,). Then is designed
as a decider as follows:

M="On input w:
Run both M, and M, on input w in parallel.
If M, accepts, accept; if M, accepts, reject.”
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Undecidabillity
Reading: Chapter 8 & 9
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Decidability vs. Undecidability

=« There are two types of TMs (based on halting):
(Recursive)

TMs that always halt, no matter accepting or
non-accepting = DECIDABLE PROBLEMS

(Recursively enumerable)

TMs that are guaranteed to halt only on acceptance. If
non-accepting, it may or may not halt (i.e., could loop
forever).

= Undecidability:

« Undecidable problems are those that are not
recursive
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No TMs exist

Recursive, RE, Undecidable languages

IMs.that.always-halt
\

Non-RE Languages/

(all other languages for which

no TMs can be bui

“Decidable” problel

TMs that may or
may not halt

LLl
e
N
> O
o o)
o)
-
(7))
5 3 5
-
% O C
oY Ll

Undecidable” problem
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Recursive Languages &
Recursively Enumerable (RE)

* languages

« Any TM for a Recursive language is going to
look like this:

“accept”
w
“reject”

= Any TM for a Recursively Enumerable (RE)
language is going to look like this:

“accept”
w
www.veerpreps.gom



!Closure Properties of:

- the Recursive language
class, and

- the Recursively Enumerable
language class
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Recursive Languages are closed

ﬁ complementation

= If L is Recursive, L is also Recursive

accept

“reject”

‘accept”

\ “reject”
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Are Recursively Enumerable
Languages closed under

ﬁ complementation? (NO)

= IfLIS RE,fneed not be RE

‘accept” ?

™ “reject”
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Recursive Langs are closed
under Union

» Let Mu = TM for L1 U L2
. Mu construction:

1. Make 2-tapes and copy
input w on both tapes

2. Simulate M, on tape 1 L —’

w |

3. Simulate M,, on tape 2

a. If either M, or M,
accepts, then M
accepts

5. Otherwise, M  rejects.
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Recursive Langs are closed
under Intersection

» Let Mn = TM for L1 N L2
. Mn construction:

1. Make 2-tapes and copy
input w on both tapes

AND)—
2. Simulate M, on tape 1 T |

w
3. Simulate M,, on tape 2

a. If M, AND M, accepts,
then M accepts

5. Otherwise, M_ rejects.
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Other Closure Property

i Results

=« Recursive languages are also closed under:
= Concatenation
= Kleene closure (star operator)
= Homomorphism, and inverse homomorphism
« RE languages are closed under:
= Union, intersection, concatenation, Kleene closure

=« RE languages are noft closed under:
« complementation
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“Languages” vs. "Problems”

A “language” is a set of strings

Any “problem” can be expressed as a set of all
strings that are of the form:

« <input, output>"

e.g., Problem (a+b) = Language of strings of the form { “a#b, a+b” }

==> Every problem also corresponds to a
language!!

Think of the language for a “problem” == a verifier for the problem
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g The Halting Problem

An example of a recursive
enumerable problem that is
also undecidable
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The Halting Problem
\

Non-RE Languages

m

13

Regul . >0
ar OnteXt' 45 ..é o qZ) -(SU
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*What Is the Halting Problem?

Definition of the “halting problem”:

« Does a givenTuring Machine M halt on
a given input w?

o | -
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A Turing Machine simulator

e
The Universal Turing Machine

« Given: TM M & its input w

= Aim: Build another TM called “H”, that will output:
= ‘accept’ if M accepts w, and
= ‘reject” otherwise

= An algorithm for H: Implies: H is in RE
= Simulate M onw

( accept, if M accepts w
= H(<M,w>) = )

reject, if M does does not accept w

-

Question: If M does not halt on w, what will hap@&%tgggprepsﬁom




*A Claim

« Claim: No H that is always guaranteed
to halt, can exist!

= Proof: (Alan Turing, 1936)
= By contradiction, let us assume H exists

“accept”
<M,w>

“reject”
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Therefore, if H exists [J D also should exist.
But can such a D exist? (if not, then H also cannot exist)

HP Proof (step 1)

= Letus constructa new TM D using H as a
subroutine:
= Oninput <M>:
. Run Hon input <M, <M> >; //(i.e., run M on M itself)
2. Output the opposite of what H outputs;

/D h

4 N _ “accept” “accept”
W ‘ g ></
< M b M S S H .
! T~ “reject” It “reject”

K ww%.veerpreps.ﬁom




HP Proof (step 2)

= The notion of inputing “"<M>" to M itself

= A program can be input to itself (e.g., a compiler is a
program that takes any program as input)

-

accept, if M does not accept <M>
D (<M>) =" <
reject, if M accepts <M>

\

Now, what happens if D is input to itself?

-

accept, if D does not accept <D>
D (<D>)= <

reject, if D accepts <D>

-

A contradiction!!! ==> Neither D nor H can m.\teerpreps.@om




Of Paradoxes & Strange
Loops

E.g., Barber’s paradox, Achilles & the Tortoise (Zeno’s paradox)
MC Escher’s paintings

A fun book for further reading:
“Godel, Escher, Bach: An Eternal Golden Braid”
by Douglas Hofstadter (Pulitzer winner, 1980WWW.veerpreps.gom



g The Diagonalization Language

Example of a language that is
not recursive enumerable

(i.e, no TMs exist)
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The Diagonalization language

ing-Problem \
\

Non-RE Languages

M)
£
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A Language about TMs &

i acceptance

= LetL be the language of all strings
<M,w> s.t.:
. Misa TM (coded in binary) with input
alphabet also binary

2. W IS a binary string
5. M accepts input w.
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i Enumerating all binary strings

« Letw be a binary string

=« Then 1w =i, where | Is some integer
- E.g., If w=g, then i=1;
If w=0, then i=2;
If w=1, then i=3; so on...
= If 1w= i, then call w as the i" word or i" binary
string, denoted by w..

= ==> A canonical ordering of all binary
strings:
- {¢ 0,1, 00,01, 10, 11, 000, 100, 101, 110, .....}

- (W, W, W, W, ... W, ...
{ R R S i’ } www.veerpreps.gom




Any TM M can also be

* binary-coded

. M={Q,{0,1}, T, 5, q,,B,F }

= Map all states, tape symbols and transitions to
integers (==>binary strings)
: 6(qi,Xj) = (q,,X,,D_) will be represented as:
. ==>01 01 0101 QM

= Result: Each TM can be written down as a
long binary string

« ==> Canonical ordering of TMs:
- M, M, M, M,, ... M, ...}

www.veerpreps.gom



The Diagonalization Language
- L ={w |w &L(M)}

i
« The language of all strings whose corresponding
machine does not accept itself (i.e., its own code)

(input word w)

j

» Table: TTi,j] = 1, if M, accepts w.

(TMs) = 0, otherwise.

« Make a new language called
L,={w,| T[ii] =0}

AW N =,
s | 7

N WWW.veerpreps.gom
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i L, is not RE (i.e., has no TM)

=« Proof (by contradiction):
=« LetMbethe TMfor L,

= ==>M has to be equal to some M_ s.t.
L(M,) =L,
« ==>Willw, belong to L(M,) or not?

L Ifw, € L(M,) ==>T[k,k]=1==>w & L
2 Ifw, ¢ L(M,)==>T[kk]=0 ==>w, € L
=« A contradiction either way!!

www.veerpreps.£om



Why should there be
languages that do not have

E TMs?

We thought TMs can solve
everything!!
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Non-RE languages

How come there are languages here?
~-diagonalization-language)

/
Non-RE Languages

M)
i3
> @
ontext- g 2 o K
free 20 2 89
o et
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i One Explanation

There are more languages than TMs

= By pigeon hole principle:
= ==>some languages cannot have TMs

« But how do we show this?

= Need a way to “count & compare” two infinite
sets (languages and TMs)
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How to count elements In a

i set?

Let A be a set:

« If Alis finite ==> counting is trivial
« If Ais infinite ==> how do we count?

« And, how do we compare two infinite sets by
their size?
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)

Cantor’s definition of set “size’

i for infinite sets (1873 A.D.)

Let N ={1,2,3,...} (all natural numbers)
LetE ={2,4,6,...} (all even numbers)

Q) Which is bigger?
= A) Both sets are of the same size

= Countably infinite”
= Proof: Show by one-to-one, onto set correspondence from

N==>E
n_| f(n)
1 2
i.e, for every element in N, 2 4
there is a unique element in E, 3 6
and vice versa. _
www.veerpreps.gom




. Let Q be the set of all rational numbers
: \Q‘:\{\m\/n | forallm,n € N}

. ‘Claim:\d‘i‘s\a@o countably infinite; => |Q|=|N|

% 2/2 / /2/4"/ 25 ...
@ @ 35 BEVRREY:
/ 4/2 4/3 4/4 4/5

S/2 T WWW.veerpreps.gom




Really, really big sets!
(even bigger than countably infinite sets)

Uncountable sets

Example:
=« Let R be the set of all real numbers

« Claim: R is uncountable

n f(n)

11 3.14159... Build x s.t. x cannot possibly
2| 5.55555 ... occur in the table

31 0.12345...

4 0.51430... Eg.x=0.2644 ...
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Therefore, some languages

i cannot have TMs...

« The set of all TMs is countably infinite
=« Ihe set of all Languages is uncountable

« ==> There should be some languages
without TMs ( by PHP)
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The problem reduction
technique, and reusing other

E constructions
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Languages that we know

* about

« Language of a Universal TM (“UTM”)
« L, ={<M,w>|M accepts w }
- Result: L is in RE but not recursive

« Diagonalization language
« L,={w. | M. does not accept w. }
- Result: L is non-RE
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TMs that accept non-empty

* languages

« L_={M]|LM)#2}
« L _isRE
= Proof: (builda TMforL__using UTM)

Non-deterministic Simulator for Lne

- h pt” ; “accept”

Guess w

N _/

www.veerpreps.gom
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TMs that accept non-empty

* languages

. Lne IS not recursive

« Proof: ("Reduce”L tol )
- ldea: M accepts w if and only if L(M’) # @

-“accept”
<M,w>

www.veerpreps.gom



Reducability

. To prove: Problem P1 IS undecidable
. Given/known: Problem P2 IS undecidable

n Reduction idea:

1, "Reduce” P, to P.:
Convert P,’s input instance to P.’s input instance s.t.

P2 decides only if P1 decides
2. Therefore, P, is decidable
3. A contradiction
a. Therefore, P, has to be undecidable
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The Reduction Technique

Note:
Reduce P, to P.: not same as
P, ==>P,
P, P, : es
instance instance Decide y
no

Conclusion: If we could solve P1, then we can solve P2 as well
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i Summary

= Problems vs. languages
= Decidabillity

= Recursive

= Undecidability
- Recursively Enumerable
= Not RE
- Examples of languages

= T'he diagonalization technique
= Reducability
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MEASURING COMPLEXITY

Let take A={01k | k 20} and we know A is decidable.
How much time does a single-tape TM needs to decide A?

We do this giving a low level description of TM, so that we can count
the number of steps the TM takes when it runs on input w. The
description is as follows:
M,="0On input string w:

1.Scan across the tape and reject if a 0 is found to the right of 1.

2.Repeat the following if both Os and 1s remain on the tape.

3. Scan across the tape, crossing off a single 0 and a

single 1.
4 If Os still remain after all the 1s have been crossed off, or if 1s still remain after all
the Os have been crossed off, reject. Otherwise, if neither Os nor 1s remain on the
tape, accept.”

For the above TM M, we need to find the analyze the algorithm for it as

Worst-case analysis: We consider the longest running time of all inputs of a
particular length.

Average-case analysis: We consider the average of all the running times-of inputs
of a particular length.
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MEASURING COMPLEXITY (Cont...)

Let us now find the time taken for each step in the
algorithm

Step 1: requires to check the input is of the form 0*1*.
This need n steps, hence it is uses O(n).

Step 2&3: requires to repeatedly scan the tape and cross

off a 0 and 1 on each scan. This is an operation of O(n).

This process is to done for half of the input string i.e. n/2.

I(-I)?nZC):e the total time required for Step 2&3 is (n/2)*O(n) =
n

Step 4: requires a single scan to accept or reject. Hence it

is of O(n).

Hence the total time required to run on an input w is
equals to O(n)+0O(n?)+0O(n)=0(n?).
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TIME COMPLEXITY CLASS

Let t:N->N be a function, then the time
complexity class TIME(t(n)) is defined as:

TIME(t(n))={L|L is a language decided in
an O(t(n)) time Turing Machine}.

The last A € TIME(n?) as the A was decided
in O(n?) time.

We will try to find an algorithm that decides
A asymptotically faster.
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TIME COMPLEXITY CLASS(Cont...)

We may device on more algorithm that puts Ain
TIME(nlogn).

M,="0n input string w:
1.Scan across the tape and reject if a 0 is found to the right of 1.
2.Repeat the following as long as some Os and 1s remain on the
tape.
3. Scan across the tape, checking whether the total # of
Os and 1s remaining is even or odd. If it is odd, reject.

4. Scan again across the tape, crossing off every other
0 starting with the first 0, and then crossing off every
other 1 starting with the first 1.

5.If # of Os and # of 1s remain on the tape, accept. Otherwise
reject.”
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TIME COMPLEXITY CLASS(Cont...)

Step1&5 is only executed once and are of
O(n).

Step4 is executed only 1+/og n times as each
time the input size is reduced to half of the

previous, hence the total time of execution of
Step2,3&4 is (1+logn)O(n) or O(n log n).

Hence the running time of M, is O(n)+O(n log
n)=0(n log n).

Hence this TM M, runs faster than M, and now
we can say that A e TIME(n /og n).
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TIME COMPLEXITY CLASS(Cont...)

We may device on more algorithm that puts A
in TIME(n).

M;="0On input string w:

1.Scan across the tape and reject if a 0 is found to
the right of 1.

2.Scan across the Os on Tape1 until the first 1. At the
same time, copy the Os onto TapeZ2.

3.Scan across the 1s on Tape1, until the end of the
input. For each 1 read on the Tape1, cross off a 0 on
Tape?2. If all Os are crossed off before all the 1s are
read, reject.

4.1f all the Os have now been crossed off accept:If
any Os remain, reject.”
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TIME COMPLEXITY CLASS(Cont...)

Each Step in the algorithm is of the O(n) and
hence the total time of the algorithm is of O(n).

We can concluding that M, a TM with single-

tape take O(n?) to decide a language A and M,
a TM with two-tape takes O(n) to decide the
same language A.

Let t(n) be a function, where t(n)2n. Then
every t(n) time multi-tape TM has an
equivalent O(t(n?)) time single-tape TM.
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COMPLEXITY RELATIONSHIPS AMONG
MODELS

Deterministic Nondeterministic

accept/reject accept/reject

Let t(n) be a function, where t(n)=n. Then every {(n)
time nondeterministic single-tape TM has an
equivalent 20" time deterministic single-tape TM.
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THE CLASS P

P is the class of languages that are
decidable in polynomial time on a
deterministic single-tape TM. In other
words,

The class P plays a central role in our
theory and is important because:

1.P is invariant for all models of computation
that are polynomially equivalent to the
deterministic single-tape TM and,

P roughly corresponds to the class of problems
that are realistically solvable on a computer:
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EXAMPLES OF PROBLEMS IN P

PATH Problem: Is there a path form s to
t?

RELPRIME Problem: Are two numbers x
and y relatively prime?

These problem are in P class as we can
device an algorithm that can run in
polynomial time.

www.veerpreps.com



PATH PROBLEM

PATH={<G,s,t>|G is a directed graph that
has a directed path from s to t}.

M="0On input <G,s,t> where G is a directed
graph with nodes s and t:

1.Place a mark on node s.
2.Repeat the following until no additional nodes
are marked.

3. Scan all the edges of G. If an edge (a,b)
Is found going from a marked node a to an
unmarked node b, mark node b.

4.1f t is marked, accept. Otherwise, reject.”
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RELPRIME PROBLEM

RELPRIME={<x,y>|x and y are relatively prime}. We can
have and an Euclidean algorithm for this.

E="On input <x,y> where x and y are natural numbers in
binary:

1.Repeat until y=0.

2.Assign x<- x mod y.

3.Exchange x and y.

4.Output x.”

Algorithm R solves RELPRIME using E as a subroutine:
R="On input <x,y>, where x and y are natural numbers in
binary:

1.Run E on <x,y>.

2.If the result is 1, accept. Otherwise, reject.”
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THE CLASS NP

A language is in NP iff it is decided by some nondeterministic
polynomial time TM.

These are the problems that are decidable in exponential time.

N="0On input w of length n:
1.Nondeterministically select string ¢ of length nk .
2.Run V on input <w,c>.
3.1f V accepts, accept. Otherwise, reject.”

V="0n input <w,c>, where w and c are strings:

1.Simulate N on input w, treating each symbol of ¢ as a description of the
nondeterministic choice to make at each step.

2.1f this branch of N’'s computation accepts, accept. Otherwise, reject.”

Here c is called the certificate or proof of membership in language and
V is the verifier of polynomial time verifier.

We define nondeterministic time complexity class

NTIME(t(n))={L|L is a language decided by a O(t(n)) time
nondeterministic TM}.
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EXAMPLES OF PROBLEMS IN NP

HAMPATH Problem: Is there a Hamiltonian path form s to t in a directed
graph G?
HAMPATH={<G,s,t>| G is a directed graph with a Hamiltonian path from s to t}.

COMPOSITES Problem: Can a number x be expressed as a product of
two number p and q | p,q >1?
COMPOSITES={x|x=pq, for integer p,q>1}.

CLIQUE Problem: Whether a graph G contain a clique of specified
size(A clique in an undirected graph is a sub-graph, wherein every two
nodes are connected by an edge).

CLIQUE={<G,k>| G is an undirected graph with a k-clique}.

SUBSET-SUM Problem: Can a number be represented as sum of
numbers from a set of numbers?

SUBSET-SUM={<S,t>|S={x, X} and for some {y,
we have Xy, =t}.

These problem are in NP class as we can device an algorithm-that can
polymonially verify them.
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P VERSUS NP QUESTION

P= The class of language where
membership can be decided quickly
(polynomial time).

NP= The class of language where
membership can be verified quickly (but
decided in exponential time).
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NP-COMPLETENESS

There are some problems in NP whose
individual complexity is related to that of the
entire class.

If a polynomial time algorithm exists for any of
these problems, all problems in NP would be
polynomial time solvable.

These problems are called as NP-complete.

If any problem in NP requires more than
polynomial time, an NP-complete one does.

An attempt to prove that P and NP are equal
only needs to find a polynomial time algorithm
for an NP-complete problem to achieve this
goal.
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DEFINITION OF NP-COMPLETENESS

A language B is NP-complete if it satisfies two
conditions:

1.Bisin NP, and
2.Every Aiin NP is polynomial time reducible to B.

If B is NP-complete and B € P, then P=NPF:
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POLYNOMIAL TIME REDUCIBILITY

A function f:}* -> > ™ is a polynomial time computable function if
some polynomial time TM M exist that halts with just f(w) on its
tape, when started on any input w.

A language A is polynomial time mapping reducible or simply
polynomial time reducible, to language B written A <, B, if there
IS a polynomial time computable function 7:> *->>™* where for
every w, weA & f(w) eB. The function fis called the polynomial
time reduction of A to B.

If A SpB and Be P, then AeP.
N=“On input w:
1.Compute f(w).
2.Run M on input f(w) and output whatever M outputs.”
Clearly if w € A, then f(w) € B because fis a reduction from A to

B. Thus M accepts f(w) whenever w € A. Therefore N worksas
desired in polynomial time.
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PROBLEMS IN NP-COMPLETE

SAT Problem: satisfiabilty problem.

SAT={<@>| @ is a satisfiable Boolean formula}.

A Boolean formula is satisfiable if some
assignments of Os and 1s to the variables
makes the formula @ evaluate 1.

3SAT ={<@>| G is a satisfiable 3cnf
formula}.

It is called 3cnf as all the clause in the Boolean
formula have three literals.

Eg.
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REDUCIBLE PROBLEMS

3SAT is polynomial time reducible to
CLIQUE.

CLIQUE being a problem in NP can be used
as reduction for 3SAT problem

THE COOK-LEVIN THEOREM
SAT is NP-complete.

Additional NP-complete problems:
Vertex cover Problem.
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Completion of Theory of

Computation
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It is a technique used to prove that some problem are
computationally unsolvable.

It involves a process called reduction, which is way of
converting one problem ‘A’ into second problem ‘B’ in such a
way that a solution to the second problem ‘B’ can be used to
solve the first problem ‘A’ (A is reduced to B).

Eg: A="The problem of going from BAM to LA” can be
reduced to B=“Buying the air tickets between the two cities”.
And this intern can be reduced to C=“ Earning money” and
further can be reduced to D=“Finding a job”.

So the chain of problem over here is A->B->C->D. And
solution to the problem D act as the solution to A.
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» The solution of A, (is undecidable) is used to find
the solution of these problems.

» The problem falling under this categories are as
follows:
TM halting on input ‘w’ (HALT,,),
TM is empty (Ery,),
TM simulating a FA (REGULAR,,),
Two TMs are equivalent (EQqy,).
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* S=“On input <M,w>, an encoding of TM M and a
string w;
1.Run TM R on input <M,w>. //R is decides HALTy,

2 If R rejects, reject.
3.If R accepts, simulates M on w until it halts.

4.1t M has accepted, accept; if M has rejected, reject.”

* Clearly if R decides HALT,, , then S decides Apy,.
Because Ar,, 1s undecidable, HALT,, also must be

undecidable.
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* M, =“On input x; //M, accepts only string w
1.If x!=w, reject.
2.If x=w, run M on input w and accept if M does.”

* S=“On input <M,w>, an encoding of a TM and a string w.

1.Use the description of M and w to construct the TM M, just
described.

2.Run R on input <M, >.
3.If R accepts, rejects; if R rejects, accept.”

» If R were a decider for Er,,, S would be a decider for Ay,.

* A decider for A}, cannot exist, so we know that E,; must
be undecidable.
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* S=“On input <M,w>, where M is a TM and w is a string.
1. Construct the following TM M,
M, =“On input x;
o 1. If x has the form o™, accept.

o 2. If x does not have this form, run M on input w and accept if M
accepts w.”

2. Run R on input <M, >.
3. If R accepts, accept; if R rejects, reject.”

» Similarly the language of the TM is CF, is undecidable
can also be proved in a similar manner.

» This is Rice’s Theorem “testing any property of the
languages recognized by TM is undecidable”.
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EQpyv =1<M,M_>|M, and M,, are TMs and
L(M,)=L(M,);

S=“On input <M>, where M is a TM;

1. Run R on input < M,M, >, where M, is a TM that rejects all
inputs.
2. If R accepts, accept; if R rejects, reject.”

If R decides EQ,;, S decides Er,,. But E, 1s
undecidable so EQq, also must be undecidable.
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It is am important technique for proving that A, is reducible to
certain language. E.g. Hilbert’s 10t problem (testing for existence of
integral roots of a polynomial).

Computational history for a TM on an input is simply the sequence
of configurations that the machine goes through as it processes the
Imput.
Definition:
Let M be the TM and ‘w’ be the input string, then an accepting
computation history for M on w is a sequence of configurations C,,
C,,..., C;, where

C, is the start configuration and

C, is an accepting configuration of M and each of C; legally follows from C.
according to the rules of M.

A rejecting computation history for M on w is defined similarly,
except that

C, is a rejecting configuration.
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Computation histories are finite sequences.

If M doesn’t halt on w, no accepting or rejecting
computation history exist for M on w.

Deterministic machines have at most one
computation histories on any given input.

Non deterministic machines have more than one
computation histories on a single input.

Here we will be discussing about the undecidability
of linear bounded automaton.
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LINEAR BOUNDED AUTOMATON
_________________________________________________________________________________

» LBA is arestricted type of TM where in the tape head isn’t permitted to move off the
tape containing the input.

e M:(Q, 2, ]‘_‘, 6? qO’ b? ®, $, F)’

S n cells--------------->

» Where ®, $ are the left and

. ; O T ITITITTITITIS T
right end markers respectively. 5
Read head on :
_ _ ) input tape i
» The ID=(q,w,k) where k is an integer from 1 to n(size of w). :
The value of k changes to k+1 if the head moves to - L
right and k-1 if the head moves to left. Finite Control R/W head ;
on working =
» Thelanguage accepted by a LBA is defined as follows: E]pE !
{we AP, $1)* | (qp, PW$,1) |- (q,a,D)} i
where geF and 1<i<n.
Fig.-Linear Bounded Automata \il/
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A gy ={<M,w>|M is an LBA that accepts string w}

L=“On input <M,w>, where M is a LBA and w is a string:

1.Simulate M on w for gng™ steps or until it halts.

2.If M halted, accept if it has accepted and reject if it has rejected. If it has not
halted, reject.”

q: # of states in the LBA,

n: Length of the tape(the head can be only n position)

g": Possible strings of tape symbols appearing on the tape.

gng" : Total # of different configurations of M with tape of length n.

LBA are different from TM in a way that, the acceptance problem of
the former is decidable.
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We construct a LBA ‘B’ that accepts the computation histories

of won M.

The computation history for w on M is a set of configurations
C,, C,,..., C; so the input to the LBA B is x = #C #C,#...#C#.

The LBA on input x checks for the following:
C, is the start configuration for M on w.
Each C,, ,, legally follows from C,.
C; is the accepting configuration for M on input w.

S=“On input <M,w>, where M is a TM and w is a string;:
1.Construct LBA B from M and w as described in the proof idea.

2.Run R on input <B>.
If R reject, accept; if R accepts, reject.”
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ALLqpg =1<G>|G is a CFG and L(G)=X*}

We construct a CFG that accepts all strings over X if M rejects w and vice
versa.

An accepting computation history for M on input w anears as follows
#C #C,#...#C#. So the CFG is designed to generate all strings that:

Do not starts with C,.
Do not end with an accepting configuration i.e. C,.
Where some C; does not properly yield C;,, under the rules of M.

We construct a PDA ‘D’ instead of CGF as its construction is easier.

S=“On input <M,w>, where M is a TM and w is a string:
1.Construct PDA D from M and w as described in the proof idea.
2.Run R on input <D>.

If R reject, accept; if R accepts, reject.”
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It is an undecidable problem concerning simple manipulations of string.
We have a collection of dominos, each containing two strings, one on each side.
b a ||ca||abc
| EEIEE | |
The task is to make a list of dominos (reputations permitted) so that the string we

are reading off the symbols on the top is the same as the string of symbol on the
bottom. This is called Ts a match.

a||bj|cal| a|]|abc
sl
There are some collection for which finding a match is impossible.
abc || ca || acc
S
The problem of PCP is algorithmically unsolvable.
An instance of PCP is a collection P of dominos: o_ { t } { t, } { t }
and a match is a sequence of i, 1,,,... i;, where b, || b, by

tis tis... ty = by, bysy... by. The problem is to determine whether P has a match.

PCP={<P>,| P is an instance of the PCP with a match}
PCP is undecidable.
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A function f:}* -> Y * is a computable function if some TM M, on
every input w, halts with f(w) on its tape.

Eg. All arithmetic operation on integer are computable functions.

A language A is mapping reducible to language B written A < B, if
there is a computable function df Y *->3* where for every w, weA <
f(w) eB. The function fis called reduction of A to B.

If A <, B and B is decidable, then A is decidable.
N=“On input w:

1.Compute f(w).

2.Run M on input f(w) and output whatever M outputs.”

Clearly if w € A, then f(w) € B because fis a reduction from A to B.
Thus M accepts f(w) whenever w € A. Therefore N works as desired.
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